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Abstract. — In this article, we first present the construction of Gibbs measures 
associated to nonlinear Schrodinger equations with harmonic potential. Then we 
show that the corresponding Cauchy problem is globally well-posed for rough initial 
conditions in a statistical set (the support of the measures). Finally, we prove that 
the Gibbs measures are indeed invariant by the flow of the equation. As a byproduct 
of our analysis, we give a global well-posedness and scattering result for the critical 
and super-critical NLS (without harmonic potential). 



1. Introduction 

The purpose of this work is twofold. First we construct Gibbs measures and prove 
their invariance by the flow of the nonhnear (focusing and defocusing) Schrodinger 
equations (defined in a strong sense) in the presence of a harmonic potential. In 
the construction of these measures, most of the difficulties appear for the focusing 
case (for which case our results are only true for the cubic non linearity while in 
the defocusing case we have no restriction on the size of the non linearity). The 
non linear harmonic oscillator appears as a model in the context of Bose-Einstein 
condensates and our result gives some insights concerning the long time dynamics 
of these models. The second purpose of this work is to prove global well-posedness 
for the L?' critical and super-critical nonlinear Schrodinger equation (NLS) on R, 
with or without harmonic potential, for data of low regularity. Furthermore, we also 
obtain scattering when there is no harmonic potential. Such kind of result seems to 
be out of reach of the present critical regularity deterministic methods. 
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1.1. The NLS with harmonic potential. — Our analysis here on the NLS 
with harmonic potential enters into the line of research initiated by Lebowitz-Rose- 
Speer in [20] and aiming to construct Gibbs measures for Hamiltonian PDE's. This 
program offers analytic challenges both in the measure construction and in the con- 
struction of a well-defined flow on the support of the measure. Usually the support 
of the measure contains low regularity functions and this fact may be seen as one 
of the motivations of studying low regularity well-posedness of Hamiltonian PDE's. 
The approach of |20j has been implemented successfully in several contexts, see 
e.g. Bourgain [3], S], Zhidkov [3l], Tzvetkov [m SOl EH] , Burq-Tzvetkov [6J, Oh 
|22|, I23j . and the references therein. 

A very natural context where one may try to construct Gibbs measures is the 
Nonlinear Schrodinger equation (NLS) with harmonic potential. Indeed, in this 
case the spectrum of the linear problem is discrete and the construction of |20j 
applies at least at formal level. As we already mentioned this context is natural 
since the NLS with harmonic potential appears as a model in the Bose-Einstein 
condensates. As we shall see, it turns out that the construction of [20j provides a 
Gibbs measure supported by functions for which the corresponding Cauchy problem 
was not known to be well-posed. In addition the density of the measure can not be 
evaluated by applying only deterministic arguments such as the Sobolev inequality. 
All these facts present serious obstructions to make rigourous the Gibbs measure 
construction. 

On the other hand, recent works as [6|i [7|, I29j showed that by applying more in- 
volved probabilistic techniques in combination with the existing deterministic tech- 
nology for studying these problems one may approach the above difficulties success- 
fully. In particular, in [6j an approach to handle regularities for which the corre- 
sponding Cauchy problem is ill-posed is developed. Our goal here is to show that 
the NLS with harmonic oscillator fits well in this approach. In fact, the eigenfunc- 
tions of the linear operator enjoy good estimates which is compensated by the bad 
separation properties of the spectrum. Such a situation is particularly well adapted 
for the approach of [6), [7]. 

We are able to construct Gibbs measures and the corresponding flow for the cubic 
focusing and arbitrary defocusing NLS in the presence of harmonic potential. The 
analysis turns out to contain several significant new points with respect to previous 
works on the subject. Indeed, it seems that it is the first case where the construction 
and analysis of Gibbs measure with a strong flow can be performed on a non compact 
phase space. Furthermore, taking into account the low regularity of the initial data, 
to develop a nice local Cauchy theory at this level of regularity, one has to obtain 
somehow a gain in terms of derivatives. In the context of wave equations, this gain 
can be obtained (see [8]) rather easily by first proving a gain at the probabilistic 
level in terms of regularity, and then balancing this gain on the non linearity 
and using that the non homogeneous wave propagator itself gains one derivative 
with respect to the source term regularity. For Schrodinger equations, the situation 
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is much less well behaved. Indeed, no such gain of regularity occurs for the non 
homogeneous Schrodinger propagator, and the starting point of our analysis was 
precisely that a gain of derivatives occurs at the probabilistic level in terms of 
regularity. However, this gain which would allow to perform the analysis for low 
power nonlinearities {k < 7) falls well short of what is needed to obtain the full 
range result {k < +00) in Theorem 12.41 As a consequence, our analysis requires a 
full bi-linear analysis at the probabilistic level (see ()1.2p ). Finally, let us mention 
some previous works on the non linear harmonic Schrodinger equation (jl.ip . The 
(deterministic) Cauchy problem for (jl.ip was studied by Carles in [lOj . whereas in 
|15] . Fukuizumi studies the stability of standing waves associated to (jl.ip . 

Let us now describe in more details our results and consider thus the one dimen- 
sional cubic Schrodinger equation with harmonic potential 

j idtu + dlu- x'^u = Ko\u\'^~^u, {t,x)eRxR, 
{u{0,x) = fix), 

where /c > 3 is an odd integer and where either kq = 1 (defocusing case) or kq = — 1 
(focusing case). The case of cubic nonlinearity, i.e. /c = 3 is the one which is most 
relevant in the context of Bose-Einstein condensates. 

We now state our result concerning (jl.ip . For more detailed results, see Theo- 
rem 12.31 and Theorem 12.41 below. 

Theorem 1.1. — Consider the Wiener measure on D'(M), /i, constructed on 
the harmonic oscillator eigenbasis, i.e. /x is the distribution of the random variable 

n=0 

where {hn)^^Q are the Hermite functions (see (j2.ip ) and {gn)^=o is a system of 
standard independent complex Gaussian random variables. Then in the defocusing 
case, for any order of nonlinearity k < +00, and in the focusing case for the cubic 
non linearity, the Cauchy problem (jl.ip is globally well posed for ^-almost every 
initial data. Furthermore, in both cases, there exists a Cibbs measure, absolutely 
continuous with respect to /i, which is invariant by this flow. 

The equation (jl.ip is a Hamiltonian PDF with a Hamiltonian J{u) (see (j2.2p 
below). As usual the Gibbs measure is a suitable renormalisation of the formal 
object exp(— J(u))(in. Let us recall that the distribution function of a standard (0 
mean and 1 variance) Gaussian complex random variable is 

TT 

where dL is the Lebesgue measure on C. 

Notice that the results above are not in the "small data" class of results. Indeed, 
it follows from our analysis that the measure ^ is such that for every p > 2 and every 
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R > fx{u : \\u\\lp > R) > 0, i.e. our statistical set contains "many" initial data 
which are arbitrary large in LP(M), p > 2. Moreover, we use no smallness argument 
in any place of the proof. 

We conjecture that our results hold when is replaced with a potential V G 
C°^(M,M+), so that V{x) ~ for \x\ > 1 and \div{x)\ < Cj{xf~\^\ (in particular 
in such a situation there exists C > so that ~ Cn). 

Let us define the Sobolev spaces V.^, associated to the harmonic oscillator — 
via the norm UtiH-H" = ||(— + x'^y^'^u\\]^2. As can easily be seen, for any s > 0, 
the Sobolev space of regularity s, has zero fi measure but for every s < 

the space Ti'^ is of full fi measure. As a consequence, the initial data in our result 
is not covered by the present well-posedness theory for (jl.ip . What is even worse: 
according to Christ, Colliander, Tao [9j and [5, Appendix] (notice that these results 
do not apply stricto sensu to the harmonic oscillator, but the proof can easily be 
modified), we know that as soon as A: > 7 the system (jl.ip is supercritical and 
there exists no continuous flow on the Sobolev spaces H^, for s G (0, ^ — jrrx)- As 
a consequence, even in the local in time analysis we need to appeal to a bi-linear 
probabilistic argument. The bi-linear nature of our probabilistic analysis can be 
seen though the following statement 

(1.2) ye <l/2, Vt G M, ||(e"**^n)2||^e < +oo, almost surely. 

In our actual proof we do not make use of ()1.2p but it was the starting point of our 
analysis for large fc's. We give the proof of ()1.2p in the appendix of this article. 

1.2. Global well-posedness and scattering for the "usual" critical ad 
super-critical NLS on R. — It turns out that the result described in the previous 
section has an interesting byproduct. Thanks to an explicit transform, we are able 
to prove a scattering result for the critical and super-critical equation 

, , ( idtu + d'^,u = \u\''~^u, k>5, (t,x)GMxM, 

1.3) <^ ^ ' ' - , V > y 

\n(0,x) = /(x) 
for f{x) of "super-critical" regularity. 

Theorem 1.2. — For any < s < 1/2, the equation p.3p has for ^-almost every 
initial data a unique global solution satisfying 

u{t,-) - e"**^/ G C{R;n'{R)) 

(the uniqueness holds in a space continuously embedded in C(M; ?^*(M)) ). Moreover, 
the solution scatters in the following sense. There exists fi a.s. states g± G 'H*(M) 
so that 

||u(t, •) - e**'^(/ + 9±)lk=(R) — ^ 0, when t — ^ ±oo. 
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The result of Theorem 11.21 is a large data result and as far as we know there is no 
large data scattering results for the problem ()1.3p for data which are localized (tend- 
ing to zero at infinity) but missing H^, i.e. it seems that the result of Theorem 11.21 
is out of reach of the present deterministic results to get scattering. We refer to [21j 
for deterministic scattering results for ()1.3p in Sobolev spaces, H^, s > 1. We also 
refer to [18j for an approach for obtaining scattering results for critical problems. 

The result of Theorem 11.21 is based on a transformation which reduces ()1.3p to a 
problem which fits in the scope of applicability of our previous analysis. However 
(except in the scale invariant case p = 5), the reduced problem is not autonomous 
which makes the arguments more delicate. In particular there is no conserved en- 
ergy for the reduced problem. However, we will be able to substitute this lack of 
conservation law by a monotonicity property which in turn will lead to the fact 
that, roughly speaking, the measure of a set can not decrease along the flow which 
is the key of the globalization argument. As a consequence, we are able to carry 
out the global existence strategy whilst no invariant measure is available (see also 
Colliander-Oh [12\. I13| for results in this direction). 



1.3. Plan of the paper. — In the following section, we present in details the con- 
struction of the Gibbs measure and we give a detailed measure invariance statement. 
In Section 3, we give the proof of the approximation property of the Gibbs measure 
by "finite dimensional" measures. In the next section, we establish a functional cal- 
culus of —9^ + x'^, fundamental for the future analysis. The following two sections 
are devoted to establishing two families of linear dispersive estimates, namely the 
Strichartz and the local smoothing estimates. Here we develop the very classical 
deterministic estimates but also the more recent stochastic variants of them. The 
interplay between these two families of estimates is at the heart of our approach. 
In Section 7, we use the estimates of the two previous sections together with the 
functional calculus to develop a local Cauchy theory. In Section 8, we present the 
global arguments, leading to almost sure global well-posedness on the support of the 
measure. Notice that the path followed here has been much clarified with respect 
to our previous papers, and consequently is much more versatile. In Section 9, we 
prove the measure invariance. Section 10 is devoted to the proof of Theorem 11.21 
Finally, in an appendix, we review some typical properties on the support of /x. 



1.4. Acknowledgements. — We would like to thank P. Gerard for pointing out 
to us the bilinear estimates enjoyed by the Hermite functions, which was the starting 
point of this work (see Lemma lA.Sp . We are also indebted to Thomas Duyckaerts 
for suggesting us to use the pseudo-conformal transformation in our analysis. 
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2. Hamiltonian formulation and construction of the Gibbs measure 

Set H = —d'^ + x^. The operator H has a self-adjomt extension on L^(M) (still 
denoted by H) and has eigenfunctions (^n)„>Q which form a Hilbertian basis of 

L^(M) and satisfy Hhn = X'^hn with A„ = \/2n + 1. Indeed, /i„ are given by the 
formula 

(2.1) /i„(:c) = (-irc„e-'/2-^(e--'), with I = (n!)ht7r3. 
The equation (|1.1|) has the following Hamiltonian 

(2.2) J{u) = - \H^/-^u{x)\'^ dx + |n(x)|^'+idx. 

2 j-oo K + 1 y_oo 

Write u = X^^q*^"^"- Then in the coordinates c = (c„) the Hamiltonian reads 
= 2 ^"^"'"^"'^ / \^Cnhn{x)\''^'^ dx. 

n=0 n=0 

Let us define the complex vector space E'a? by En = span(/io, hi, - ■ ■ ,hj\f). Then we 
introduce the spectral projector H^r on Ej^ by 

OO N 

IIat ( ^ c„/i„) = ^ c„/i„ . 

n=0 ra=0 

Let X £ C^(— 1, 1), so that x = 1 on [— ^, Let S'at be the operators 
OO OO _|_ H °° 

(2.3) SNi^Cnhn) =X]^(^^^)^"^" = ^(^]^^)(Z]^"^")- 

n=0 n=0 n=0 

It is clear that ||5Ar||^2_>j;^2 = ||nAr||^2_>j^2 = 1 and we have 

(2.4) Sat Hat = Hat Sat = Sat, and Slf = SN- 

The interest of introducing the smooth cut-off Sn is its better mapping properties 

on LP, p 2, compared to Hat (see Proposition 14. ip . 

Let us now turn to the definition of the Gibbs measure. Write c„ = a„ + ibn- For 
> 1, consider the probability measures on M^('^+^) defined by 



^ O 2 

dUM = n 5e-^('^^+^^)da„d6„, 

n=0 " 

The measure //Af defines a measure on E^- via the map 

N 

(2.5) {an, bn)n=0 ' > '^("'n + ibn)hn, 

n=0 
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which will still be denoted by //tv- Notice that fljsf may be seen as the distribution 
of the -Eat valued random variable 



where {gn)n=o ^ system of independent, centered, normalized complex Gaus- 
sians on a probability space {Q,T,p). 

In order to study convergence properties oi ipjy as — )• oo, we define Sobolev 
spaces associated to H. 

Definition 2.1. — For 1 < p < +oo and s G M, we define the space >V*'^(M) via 
the norm ||it||ws,p(R) = \\H^^'^u\\x^p(^^y In the case p = 2 we write VV"*'^(M) = ^*(M) 
and if u = I]^=o '^nK we have = J2'^=o ^nl^nP- 

For future references, we state the following key property of the spaces W^'^, which 
is actually a consequence of the fact that is a pseudo differential operator in a 
suitable class (which ensures its boundedness) 

Proposition 2.2 ([14])- — Por any 1 < p < oo,s > 0, there exists C > such 
that 

(2.7) ^ll^tllw.P(R) < WiDxTuWLPiR) + \\{xyu\\Lp(M.) < C||n||yv;s.p(K). 

Let 0" > 0. Then {(Pn) is a Cauchy sequence in L^(il; 7^~°"(M)) which defines 



as the limit of {^Pn)- Indeed, the map to i— )■ ip(uj,x) defines a (Gaussian) measure on 
^""^(R) which defines measure Notice also that the measure can be decomposed 
into 

fl = p^ ^ fLN 

where is the the distribution of the random variable on Ej^ 



• The defocusing case (kq = 1) and k > 3. In this case we can define the 
Gibbs measure p by 



(2.6) 




(2.8) 





(2.9) 



dp{u) = exp ( 



1 



fc+i 
ik+i 



)dp{u). 



k + 1 



(M) 
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We also define its finite dimensional approximations 

dpiv(u) = exp {---^\\SNu\\'ltli,^MflN{u), 

(2.10) 

dpN(.u) = exp (--^-py ||5Aru||^tii(K))d/i(n) = dfi^ dpN- 

• The focusing case {kq = — 1) and k = 3. Let CiM— J-R, (">Obea continuous 
function with compact support (a cut-off). Define the measures pn,Pn as 

^2 dp>(n) = C(||n^«||i.(^) -a;v)e^/«l^-"(^)l''^M/i,v(^), 

dpN{u) = dp'^ (g) dpN. 

We have the following statement defining the Gibbs measure associated to the 
equations (jl.ip . 

Theorem 2.3. — (i) Defocusing case (kq = 1) and k < +oo . Let the measure p be 
defined by l^3h . 

(ii) Focusing case (kq = —1) and k = 3 : The sequence 

(2.12) G^(n) = C(||n^n||i.(^) -a;v)e^^-l^-"(")l''^, 

converges in measure, as N ^ oo, with respect to the measure p. Denote by G{u) 
the limit of 112. 12\) as N ^ oo. Then for every p £ [l,oo[, G{u) £ U'{dp{u)) and we 
define dp{u) = G{u)dp{u). 

In both cases, the sequence dpN converges weakly to dp and for any Borelian set 
A C H"^ , we have 

(2.13) lim pn{A)=p{A). 

The result in the defocusing case is quite a direct application of the argument of [1] . 
The construction of the measure in the focusing case is much more involved and is 
inspired by the work [29j of the third author on the Benjamin-Ono equation. The 
main difficulty in this construction lies in proving that the weight G{u) belongs to 
L^{dp). A first candidate for the weight G{u) would have been exp(||n||^4j.]gj/4), 
but then the large deviation estimates are too weak to ensure the integrability 
of this weight with respect to the measure dp. A second guess would have been 
Cdl^lU^) 6xp(||ti||^4^jg^/4), as then the same large deviation estimates and Gagliardo- 
Nirenberg inequalities would ensure this integrability. Unfortunately, on the support 
of the measure p, the norm is almost surely infinite and this choice of weight 
would lead to a trivial (vanishing) invariant measure. The renormalized (square of 
the) norm provides us with an acceptable substitute to this latter choice. Let 
us also observe that if we vary C, then we get the support of p (see Proposition 13.101 
below). Notice also that this choice of weight is reminiscent of Bourgain's work |4] 
where a similar renormalization is performed at the level of the equation itself rather 
than the level of the Gibbs measure. 
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It is now a natural question whether the measure p constructed in Theorem 12.31 is 
indeed invariant by a weh-defined flow of (jl.ip . It turns out to be the case as shows 
the following statement. 

Theorem 2.4- — Assume that k = 3 in the focusing case and 3 < k < +oo in 
the defocusing case. Then the Cauchy problem (jl.ip is, for fi-almost every initial 
data, globally well posed in a strong sense and the Gibbs measure p constructed in 
Theorem \2.'J\ is invariant under this flow, More precisely, 

— There exists a set S of full p measure and s < ^ (for k = 3, s < ^ can be 
taken arbitrarily close to ^ while for k > 5, s can be taken arbitrarily close to 
^) so that for every / G S the equation (jl.ip with initial condition u{0) = f 
has a global solution such that u(t, •) — e~**^/ G C(M;7^'^(M)). The solution is 
unique in the following sense : for every T > there is a functional space JCj" 
continuously embedded inC{\—T,T];'H^{W)) such that the solution is unique in 
the class 

u{t, ■) - e-^*^/ G Xt. 
Moreover, for all a > and t gM 

Mt,-)\\H-^iBL)<C{A{f,a)+lJ (l + |t|)), 

and the constant A(/, cr) satisfies the bound ^(/ : A(/, a) > A) < Ce"'^'^^. 

— For any p measurable set A C Ti, for any t G M, p{^) = 

Let us remark that the uniqueness statement can also be formulated as the fact 
that the flow of (jl.ip on smooth data (for instance H^) can be extended in a unique 
fashion a.s. on the support of the measure p. Notice also that in this paper, we had 
to modify the deflnition of the flnite dimensional approximations measures pN with 
respect to previous results on the subject (see e.g. [3]). Indeed, the lack of continuity 
of the rough projectors 11 at on our resolution spaces forbid the usual approximation 
results (see e.g. [301 Theorem 1.2]). As a consequence, our new measures enjoy 
better approximation properties (see (j2.13p ). but the invariance properties we have 
to prove are stronger (see Corollarv l8.4p . We believe nevertheless this new approach 
is more natural. 

3. Proof of Theorem 1231 

In this section we prove Theorem 12.31 As we already mentioned, the main issue 
is the construction of the measure for (jl.ip with /c = 3 in the focusing case. 

3.1. Preliminaries and construction of the density. — First we recall the 
following Gaussian bound (Khinchin inequality), which is one of the key points in the 
study of our random series. See e.g. [TJ Lemma 4.2.] for a proof in a more general 
setting. Let us notice that in our particular setting, the random variable being a 
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Gaussian variable of variance Yln>o I'^^P; ^^^^ estimate is also an easy consequence 
of the growth of the r'th moments of centered Gaussians (uniform with respect to 
the variance). 

Lemma 3.1. — Let [gn{uj))^^^ G A/'c(0, 1) be independent, complex, L^- normal- 
ized Gaussian random variables. Then there exists C > such that for all r > 2 
and icn) G /2(N) 

\\^gn{uj)Cn\\L-(Q) < CVr(^|c„P)2. 
n>0 n>0 

We will need the following particular case of the bounds on the eigenfunctions (hn), 
proved for example by K. Yajima and G. Zhang [32j (see also H. Koch and D. 
Tataru [H]) . 

Lemma 3.2 (Dispersive bound for hn). — For every p > A there exists C{p) 
such that for every n > 0, 

_i 

||/ln||LP(R) < C{p)Xn'' • 

As a consequence, we may show the following statement. 
Lemma 3.3. — Fix p £ [4, oo) and s G [0, 1/6). Then 

(3.1) > 0,3c> 0,VA > l,ViV > 1, 

f^{u£ n-" : ||5ivn||w=>f{R) > A) < Ce'"^^ . 
Moreover there exists (3{s) > such that 

(3.2) 3C > 0,3c> 0, VA > 1, ViV > iVo > 1, 

fi{u€ n-'' : \\Snu - > A) < Ce-^<*''^' . 

Proof. — We have that 

^(n G : ||5'Arn||yy;s,p(]R) > A) 

= P('^ : \\Yl^ CZf'\^-\ )^9n{^)hn{x)\\y^s,j,(^^) > A) 
n=0 ^ ^ 

= p(w : llX]x(|^^)T^5n(w)/l„(x)||iP(R) > A). 
n=0 + ^ An 

Set 

f{u,x) = X]x(|^^)^ffn(w)/in(x). 
„=0 + ^ ^'^ 
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Then for q > p, using the Minkowski inequahty, we get 

||/(^,x)||^,^P<||/(a;,x)||iPi,. 

By Lemma |3. II we get 

n=0 

oo 

Since s < 1/6, using Lemma 13.21 and the triangle inequality, we get 

Using Bienayme-Tchebichev inequality, we obtain 

p(.. : \\fiu;,x)h. > A) < {X-'\\fiu,x)\y^L^J < {C\-^^Y . 
Thus by choosing q = 5)? , for 5 small enough, we get the bound 

p(a; : \\f{io,x)\\LV>\)<Ce-'^\ 



This in turn yields (jS.ip . The proof of (j3.2p is very similar. Indeed, in this case, we 
analyze the function 

2fi _|_ \ 2n + 1 2 

n=0 U ^ An 

and we use that there is a negative power of Nq saving in the estimate. Namely, 
there is 7(5) > such that 

\\fNo{u^,x)hu.<C^N-^^'\ 
which implies (|3.2p . This completes the proof of Lemma 13.31 □ 
With the same arguments one can prove the following statement. 
Lemma 3.4- — Let a > 0, then 

(3.3) 3C > 0,3c > 0,VA > l,/i(n G 'W' : ||u||^-<.(jj) > A) < Ce"^^" . 

Lemma 3.5 (Gagliardo-Nirenberg inequality associated to H) 

For any s G (0, 1/6), there exists p < 00 and 9 < 2 such that 



I^IIl4(k) < C\\u\ 
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Proof. — First we prove that for any s £ (0, 1/6), there exists p < oo and 6 < 2 
such that 

(3-4) II^IIl4(r) — C'||^i||^2(R)||'"|lw's,p(R) ) 

where W'^'P is the usual Sobolev space. 
Fix s G (0, 1/6) and write 

(3-5) II^IIl4(r) < (^11^1112(18) ||n|||oo(K) . 

Using [25^ Proposition A. 3], we get that there exists p ^ 1 and k > such that 

(3-6) ||n||ioo(]i|) < C||n||2p(iR)||u||^i;p(]g), 

(indeed for large p the derivative loss tends to zero, i.e. we may assume that it is 
smaller than s). Finally the Holder inequality and ()3.6p implies that for any q > p 
there exists a > such that 

(3-7) lkllLp(]R) < C'||m||22(]r)||m||^,(^) < C'lkll22(R)ll^llH/"p(]R) • 

A combination of ([32]), <^M and (^Ji) yields ([33]). 

Finally, to complete the proof of the lemma use that thanks to ()2.7p 

This completes the proof of Lemma 13.51 □ 
Denote by 

Fn{u) = l|nArn|||2(iR) - aN- 
As in [29], we need the following convergence properties of the sequence (Fjv(u))^^q. 

Lemma 3.6. — The sequence {Fj\^{u)) is a Cauchy sequence in L'^{'H^'^(M.), dfi). 
As a consequence, if we denote by F{u) its limit, the sequence (i^jv(ii))^^Q converges 
to F{u) in measure : 

Ve > 0, lim u(n G 'H^'' : \Fn(u) - F(u)\ > e) = 0. 
Proof — Let N > M > 0, then 

||F7v(u) -FAf(n)||i2(^-<.(Ij)^d/.) = 

^ {WfNWh^u) -(^n) - (ll'/'Af|li2(]R) -aAf)|^dp(a;), 



where v^at is defined in (j2.6p . By definition of , we have 

^ 2 
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and therefore 

r ^ 2 

(3.9) ||i^7vM-FM(n)||i2(^-.(K),d^)= / I Yl T2(bnM|2-l)|'dpM. 

''^ n=M+l " 



Now, as the random variables (^^(cl!))^^^ are normahzed and independent, for ah 
ni / 712 we have 

/ (b„,Hp-l)(KMp-l)dp(a;)=0, 
Jn 

therefore from (j3.9p we deduce 

^ 1 C 

n=M+l " 

as = 2n + 1. This proves the first assertion of the lemma. 

By the Tchebychev inequality, convergence implies convergence in measure, 
hence the result. This completes the proof of Lemma 13.61 □ 

The following result is a large deviation bound for the sequence [Fn{u)^. 

Lemma 3. 7. — There exist C,c> Q so that for all N > M > and A > 

(3.10) fi{ue n-" : \Fn{u) - Fm{u)\ > A) < Ce-'^^'^+^^'^ \ 

Proof. — The result can be viewed as a consequence of a smoothing property of a 
suitable heat flow, but we give here a direct proof. Define the set 

Bm,n = {ue n-" : \Fn{u) - Fm{u)\ > A}. 

Then by 1^ for N > M, 



KBm,n) = p{uj : \{\\ipN\\l2(^^) - on) - {WfMWhf^^^ - om)] > X] 

^ 2 

(3.11) = p(^ : I T2(bn(u;)p-l)| >A). 

n=M+l " 
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By the Tchebychev inequality, for all < t < '^'^^ 



4 ' 

N 



(3.12) p(c. : ^{\9n{oj)?-l)>\) < 



\2 

n=M+l 



^ 2 

<e-^*E[exp(t T2(bnHp-l))] 

n=M+l " 

N 

= e M / e^" dp(a;) 

n=Af+l •^'^ 

=e-^* n 

n=M+l " 

Now observe that for all < a; < ^, (1 — x)~^ < e^+^^, hence (|3.12|) gives 
^ 2 

p(a; : _ i) > a) < 



n=M+l 



°° 1 Ct^ 



n=Af+l 

as = 2n + 1. Choose t = c(M + 1)5, with c > small enough and deduce 
P{-^-- E ^(bnMp-l)>A)<Ce-(^^^+i)*\ 

„=A/+1 '^'i 

Using a slight modification of the previous argument, we can show that 

N 

P{^-- E ^(l9n(a;)|^-l)<-A)<Ce-(^^^+i)'\ 

n=M+l " 

and the result follows, by ()3.1ip . This completes the proof of Lemma [33 □ 

We are now able to define the density G : 'H~'^{M.) — )■ R (with respect to 
the measure /u) of the measure p. By Lemmas 13.61 and 13. 3| we have the following 
convergences in the fi measure : Fn{u) converges in to F{u) and ||5'Aru||j^4(]R) to 
||u||^4(]j). Then, by composition and multiplication of continuous functions, we 
obtain 

(3.13) Gn{u) C{F{u))e^^*^^''^''^^''^'' = G(n), 

in measure, with respect to the measure fi. As a consequence, G is measurable from 
{n-''{R),B) to M. 
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3.2. Integrability of G]\f{u). — We now have all the ingredients to prove the fol- 
lowing proposition, which is the key point in the proof of Theorem 12.31 

Proposition 3. 8. — Let 1 < p < oo . Then there exists C > such that for every 
N>1, 

Proof. — Our aim is to show that the integral X^'^ fi{Ax^j^)dX is convergent 
uniformly with respect to N, where 

Proposition 13.81 is a straightforward consequence of the following lemma. 

Lemma 3. 9. — For any L > 0, there exists C > such that for every N and every 
A > 1, 

We set 

No = {logXy, 

where / is fixed such that / > max(2, + 1) with /3(0) defined by Lemma 13.31 
Let us first suppose that Nq > N. Using Lemma [331 and that ||S'Arti||j;^2 < ||nAru||^2, 
we get for u £ Ax^j\f, 

< C7(loglogA)2"^/2||S^n||^.„(K). 

Therefore there exists 5 > such that 

KAx,n) < Cfi{u G n-'^ : ||5jvn||w=>p(R) > (logA)V2+5)^ 

and using Lemma 13.31 we obtain that for every L > there exists Cl such that for 
every and A such that (log A)' > N one has 

(3.14) fi{Ax,N) < ClX-"-. 

We next consider the case > Nq. Consider the set 

Bx,N = {u£ : \{\\IiNu\\\2(j^) - un) - {\\^NA\h(^) - "iVo)| > !}■ 

By Lemma 13.71 we get 

^Ji{Bx,N) < 2exp(-c(log A)^/2) < ^^^-L _ 
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Hence it remains to evaluate ii{Ax^f^\Bx^N)- Let us observe that for u G Ax^n\Bx,n 
one has 

llnATo'^llia = (l|nArli|||2 - On) - [{WUNuWli - On) - {\\U]ygU\\l2 - ONo)] 
+ 

<C + C log(iVo) < C log log A . 
Therefore Ax^n\Bx,n C Cx,n where 

Cx,N = {u€ n-'' : \\Snu\\l^ > c[logA]l/^ ||n,Von||i2 < Clog log A}. 
We next observe that thanks to the triangle inequality Cx^n C Dx^n U Ex^n-, where 

Dx,N = {n G n^'' : \\SnA\l^ > \[^og\f'\ W^nAW^ < CloglogA}, 

and 

Ex,N^{uen-'' : ||5^n-5iVon||i4 >|[logA]V4}. 

The measure of Dx^n can be estimated exactly as we did in the analysis of the case 
^ Finally, using Lemma 13.31 thanks to the choice of A'^o, we get 

This ends the proof of the lemma, and Proposition 13.81 follows. □ 

We are now able to complete the proof of Theorem 12.31 

Proof of Theorem \2.3\ (ii). — According to ()3.13p . we can extract a sub-sequence 
Gj^kiu) so that G]\fk{u) — > G{u), n a.s. Then by Proposition 13.81 and the Fatou 
lemma, for all p G [1, +oo), 

/ |G(n)|fd^(n) < liminf / |Gjv, (n)rd^(n) < C, 

thus G{u) G LP{dfi{u)). 

Now it remains to check that for any Borelian set, A C 'H^'^ , we have 

(3.15) lim / lug^GAr(ti)d/i(ti) = / l„eAG(n)d//(ti), 
which will be implied by 

(3.16) lim / \lueAiGNiu)-Giu))\dfiiu) = 0. 

For > and e > 0, we introduce the set 

BN^e = {u£ ^-"(M) : \Gn{u) - G{u)\ < e} , 
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and denote by i?Ar,e its complementary. 

Firstly, as lu^A is bounded, there exists C > so that for all > 0, e > 
I / lueA{GN{u) - G{u))d^^{u)\ < Ce. 

Secondly, by Cauchy-Schwarz, Proposition 13.81 and as G{u) G U\dfi{u)), we obtain 




lu<^A{GN{u)-G{u))dii{u)\ < ||Gjv-G(n)||^2(d^)/i(i?^,,)^ 



By ()3.13p . we deduce that for all e > 0, 

/i(:B^)^0, 7V^+oo, 
which yields ()3.16p . This ends the proof of Theorem 12.31 (ii). □ 
Notice that (fXT6]) with A = gives 

(3.17) pin-^iM.)) = lim pN{n~''{^)) = lim pn{En). 

N-^+oo N—>-oo 

Proof of Theorem \2.3\ (i). — By the argument giving (j3.ip . ||^i||LP+i(K) is /i almost 
surely finite. As a consequence, the measure p in the defocusing case is nontrivial. 
The proof of the weak convergence of dpM to dp can be deduced from the proof in 
the focusing case. This completes the proof of Theorem 12.31 □ 

In the focusing case, the measure p = pi^we have constructed depends on C G C^(M). 
We now check that it is in general not trivial. Indeed we have the following result 

Proposition 3.10. — The supports of the measures satisfy 

IJ supppt; = supp ^. 

CeC5°(R) 

Proof. — By construction, it is clear that for all C, G C^(M), the support of is 
included in the support of p. 

Let > 1 and C G C^(M) so that < C < 1 with C = 1 on |x| < R, and consider 
the associated measure p^. Let e > 0. We will show that if R is large enough 

(3.18) p{ue'W' : \F{u)\<R)>l-e. 

This will yield the result, as the density of pc_ does not vanish on the set 

{u^W : |F(m)| < R}. 

Write 

(3.19) {u G : \F{u)\ > R} C 

{u G : \Fn{u)\ > R-l}u{ue n'" : \F{u) - Fn{u)\ > 1 }, 
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and 

{|F;v(^)| >R-l}C {|F;v(n) - Fo(n)| > ^ } U {\Fo{n)\ > ^ }. 
By Lemma 13.71 and by the direct estimate 

fi{u G n-'^ : \Fo{u)\ > ^) < Ce-^«, 
we obtain that (uniformly in A^) 

(3.20) fi{u G : \Fn{u)\ > R - I) < Ce'"^ < e/2, 

if R is large enough. By Lemma 13.61 if is large enough, we also have 

(3.21) fi{u G n^'' : \F{u) - Fn{u)\ > 1) < e/2. 

Hence from ()3.19p - ()3.2ip we deduce ()3.18p . This in turn completes the proof of 
Proposition 13.101 □ 

Let us remark that in the construction of the measure p in the focusing case one 
may replace the assumption of compact support on ^ by a sufficiently rapid decay 
as for example C(x) ~ exp(— |x|^), |x| ^ 1 with K large enough. 



4. Functional calculus of H 

By the classical Mehler formula for 2t / /cvr (A; G Z), / G L^{R), 

(4.1) e-*^(/) = , . ,^ / e' f{y)dy. 

|sm(2t)|V-! 

One may check ()4.ip by a direct computation. The explicit representation of the 
kernel of exp{—itH) given by ()4.ip will allow us to develop the functional calculus 
of H which will be of importance in several places of our proof of Theorem 12.41 The 
representation of e~**^ given by (|4.ip is also the key point of the proof of the local 
in time (deterministic) Strichartz estimates of the next section. The goal of this 
section is to prove the following statement. 

Proposition — Consider for (p G 5(R) the operator ip{h?'H). Then, for any 
1 < p < +00 and any \a\ < 1, there exists C > such that for any < h < 1, 

\\{x)-"ipih^H){x)"\\ciLnm) ^c. 

One may prove Proposition 14.11 by using a suitable pseudo-differential calculus. 
We present here a direct proof based on the Mehler formula. The result of Proposi- 
tion 14.11 is a consequence of the following lemma. 
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Lemma 4-2. — Let K(x,y,h) be the kernel of the operator ip{h^H). Then there 
exists C > such that for any < h < 1, we have 

(4.2) \K{x,y,h)\< ^ 



Let us now show how Lemma 14.21 implies Proposition 14.11 By duahty, it suffices 
to consider the case a > 0. 
For a > 0, we have 

fco ||„| „,\a roo 



r°° \\r\ — 7/1" \hz\°' 
< 2C{xr + 2C / ' J' = 2C(x)" + 2C / < C {xT ■ 

Jo h{l + ) J-ooi^ + zV 

On the other hand, 

\Kix,y,h)\{x)-''dx< / •••+ / 

J\\x\-\y\\<\y\/2 J\\x\-\y\\>\y\/2 

The contribution of the first term is bounded by C{y)~°', whereas, noticing that in 
the second integral we have (|x| — |y|)^ > c(x^ + y^), the contribution of the second 
term is also easily bounded by C{y)~°'. Finally, Proposition 14.11 follows by the Schur 
Lemma. Thus in order to complete the proof of Proposition 14. H it remains to prove 
Lemma 14.21 



Proof of Lemma \4-^ — We start from the representation 

^{h'H) = (2^)-i / 

J T' 

and thus according to Mehler's formula, we have 



\K{x,y,h)\ <C\ [ I ■ .„., e--^(--^'-'^)^(r)dr|. 



where 

'}!u 'T- h nr ii\ — 

sin(2/i2r) ^ 2 



V'It, h, X, y) = — ■ A cos(2/i^r) - xy) 



As a consequence, decomposing 



K{x,yM\ <Y.\I I ■ (.I2 ,,,/, e'^^^'^^^^'^(p{r)dT\ 

^ 7-|+fc7r</i2r<f +fc7r I sm(2/i^r)|V^ 
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and taking benefit that the function (p is in 5, we obtain 

\K{x,y,h)\ 

As a consequence, it is enough to prove 

Ch 

(4.4) \K[x,yM< . I 

(kl - \y\Y 

The key point of the analysis will be the following estimates on the phase function. 

Lemma 4-3. — There exists C > such that for any x,y gM. and any < h < 1 
we have 

x'^ ~t~ y'^ 
dri^ix, y, T, h) > . 

Proof. — Indeed, 

(4.5) dripix, y, T, h) = . 2rnu2 ^ ( ^ cos(2/iV)) 

sm (in^rj 2, 

and minimizing with respect to x the expression above gives 

9,V(x,2/,T,/i) > — (^sin2(2/i2T)) = /iV- 

sm 2 

Similarly 

5.V(a;,y,T,/i) > -^^(^sin2(2/i2r)) = /i^x^ 
sm (2n^rj 2 

and the result of Lemma 14.31 follows. □ 



Lemma 4-4- — There exists C > such that for any x,y G M, any r, and < 

h < 1, we have 

,x - \y\? 

dMx,y,T,h) > . 

sm (2ft^rj 

Proof. — Indeed, this estimate is a straightforward consequence of ()4.5p and 

+ ?/^ /o^2 ^ ^ x'^ + y^ {\x\ - \y\f 
xy cos[2n T) > \xy\ = . 

This completes the proof of Lemma 14.41 □ 
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Let us now complete the proof of Lemma 14.21 To estimate K we integrate by 
parts using the operator T = g ■\p{x,y tH) ^'^' Notice that according to Lemma |4.4| 
the singularity of | sin(2feV)|V2 harmless and we obtain 

\K{x,yM <C\ [ e--^(-'^--'^)g.( . \ -L^(r))dT|. 
Jrm 'I sm(2/i^r)|V^ 9^^/; 

In the expression above, we have three contributions according whether the deriva- 
tive falls on either terms. If the derivative falls on the last term, we obtain a 
contribution which is, according to Lemma 14.41 bounded by 

f sin^(2/^V) , |_|.-jv ,_ 

'^XeM|sin|V2(2/,2^)/,2(|^|_|y|)2(l + M) dr 

If the derivative falls on the first term, we obtain a contribution which is bounded 
by 

^A^^ ^ /■ h^mT)\dT I sin 1 1/2(2/^2^) 

Jrm \sm\^/^{2h^T)\drTp\ Jrm (fI " I?/!) 



< C „ ', „J '^(T)|rfr < 



Finally, the last case is when the derivative falls on the second term. In this case, 
using the relation 

d^tp _ 4/i2 cos(2/i2r) Ah'^xy 
{dri^y ~ ~ sm{2h'^T)drip sin(2/i2r)(a^V)^ 
and Lemma 14.41 we obtain a contribution which is bounded by 

^^■^^ ^ lrm^\sm\y^{2h^T)\drij\ ^ I sin 1 3/2(2/12 J) (5,^)2)1^^^)!'^^ 

^ f ||sin|^/2(2/i2T)^, Ch 

where to estimate s\n{2h^T)ld ip)^ used Lemma 14.31 to estimate one of the drip 
factors and Lemma 14.41 to estimate the other one. This concludes the proof of ()4.4p 
and hence of Lemma 14. 2i □ 



5. Strichartz estimates 

We state the Strichartz inequality (local in time) satisfied by the free evolution 

-UH 
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Lemma 5.1. — Let us fix s G M. For every p > 4, q > 2 satisfying | + | = ^! 
every T > 0, there exists C > and such that 

(5-1) Ik **"'^llw«(IR)^>LP((0,27r);W=>';(M)) < C. 

There is also a set of inhomogeneous Strichartz estimates which will not be used 
here. 

Proof. — Coming back to the definition of the spaces W^'^{M), we first observe that 
it suffices to consider the case s = 0. We have that ||e~**^||/,2_j.^2 = 1. Next, as a 
consequence of ()4.ip . ||e~**^||^i_i.j;^oo < C/|t|^/^ for t close to zero, i.e. the singularity 
of ||e~**^||x,i^ioo for t ~ is the same as for exp(it9^) and thus (see e.g. pL6j) e~**'^ 
enjoys the same local in time Strichartz estimates as the free Schrodinger equation 
which is precisely the statement of ()5.ip . This completes the proof of Lemma FS-ll □ 

We need some stochastic improvements of the Strichartz estimates. The following 
lemma shows that there is a gain of regularity in L^ spaces for the free Schrodinger 
solution. 

Lemma 5.2. — Let e < g- For any p,q > 4, there exist C, c > such that 
VA > 1, ViV > 1, ;u(m e n-'' : ||e~**^M||iP^^^^vv-,,(K) > A) < Ce"^^" 
VA > 1, V7V > 1, fiN{u G En : ||e-**^u||^P vv-,,m) > A) < Ce"^^' . 

(0,2-k) '' 

Proof. — Let us prove the first estimate, the proof of the second being similar. By 
the definition of fi, we have to show that 

(5.2) p{u€n: ||e-^*^<^||iP^^^^^w^..W > ^) ^ ^e"'^' • 

Now by Lemmas 13. H 13.21 and Minkowski's inequality, for r > p,q, we obtain 



•^("^j •)llL'-(n)L[Q2^jW=.9(R) < C||(i?)2e * V'llL[Q2^jL9(M)L'-(n) 

oo 

< CV-r{Y.Xl^^-'^\K\\l.Y 



n=0 

oo 



(5.3) < cv-r{Y.^r'n 



6'\2 
n=0 

Coming back to the definition of A„,, we get that the sum (|5.3p is finite. The estimate 



5.2p then follows from the Bienayme-Tchebychev inequality : 



(0,2tv) ' 
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and the choice r = eA^ with e > small enough. This completes the proof of 
Lemma 15.21 □ 



We shall in practice need the following consequence of Lemma 15.21 and 

Lemma 5.3. — Let a>0, 0<e<-^ and p,q > 4:. Then there exist C, c > so 
that for every A > 1, every N > 1, 



(5.4) 

and 

(5.5) 



p{u£ : \\u\\^-a > A) < Ce-^^ , 

Pn{u e En ■■ ||'u||-H-<^ > A) < Ce~^^^ 

p{n€ n-'^ : ||e-^*^n||^P^^^^^^.„(^) > A) < Ce-'^\ 



Proof. — In the defocusing case the proof is a straightforward consequence of the 
bounds for p, pN we have already established. Namely, in this case it is a straight- 
forward consequence of the inequalities 

p{A) < p{A), pn{A) < pn{A). 

We thus only consider the focusing case which is slightly more delicate. We prove 
()5.4p . By the definition and the Cauchy-Schwarz inequality, we have 

Pn{u £ W'' : WuW-U'^ > A) = / 1||„|| >AG'Af(u)(i/i(u) 

< \\GN{u)\\L2(d|,iu))^J'{u ■ \\u\\h— > A)'> 



and we obtain 

Pn{u G : ||n||^-. > A) < Ce-^^\ 

and the first claim follows by using ()2.13p . The proof of the three other claims are 
similar. This completes the proof of Lemma 15.31 □ 



6. Local smoothing effects 

The next result is based on the well-known smoothing effect. 

Lemma 6.1 (Deterministic smoothing effect). — Let us fix two positive num- 
bers s and a such that s < a < 1/2. Then there exists C > so that 

(6-1) \\i^r^^^^-''"f\\LHio,2.].R) < cWfWmm- 
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Proof. — Inequality ()6.ip is a slight variation of the "usual" local smoothing effect 
for the harmonic oscillator, namely for a > 1/2, 



(6-2) \\{x)-''VH^ e-""/IL^([o,2.]xM) < ^^II/IIl^(m)- 

We refer to [32], [33] for a proof of Let us fix q > 1/2 such that l<2a<a/s. 

Take 9 € (0, 1) such that a = 6a. Then thanks to our choice of a, we have that 
s < |. Applying (j6.2p to /i„ gives that 



\\{x)-''K{x)h2^^)<CXn' . 

Interpolation between the last inequality and the equality ||/in||L2(iR) = 1 yields that 

IKx)-'^ K{x)\\l2^^)<C\~-\ 
Since s < |, we obtain that there exists S{s,a) > such that 
(6.3) |Kx)-'^/^„||i.(K)<CA;'^(^'-)-^ 

The last estimate in conjugation with [28, Corollary 1.2] implies (|6.ip (notice that 
here we do not need the 6{s,a) saving in (j6.3p l. This completes the proof of 
Lemma I6.1i □ 

We also have the following stochastic improvement of the smoothing effect. 

Lemma 6.2 (Stochastic smoothing effect). — Lets, a be two positive numbers 
such that s < a < 1/2 and q > 2. Then there exist C,c > so that for every A > 0, 
every N > 1, 

p{u£n-'' : Wix)-" ^/h' e-'^^u\\^, > \ ) < C e'^^^ 

(6.4) 

~Pn{u(^En : WixyVH" e-''"u\\^,^^ ^^,^^^> X) <Ce~''^\ 
Proof. — Again we only prove the first claim. We compute 

{x)--VH'e-^'''^{u;,x) = -^e-*^"5n(u;)-^/^„(x). 

n>0 



Then by Lemma ISA 
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An application of the Minkowski inequality and ()6.3p give 



1 11 hn m2 Ni 



I 2 



n>0 



Using the Tchebychev inequality, as we did in the proof of Lemma 15.21 yields 
(6.5) fi(u£n-'' : WixyVH'e-'^^uW,, > A ) < Ce~^^'. 

Finally we deduce ()6.4p from ()6.5p as we did in the proof of Lemma 15.31 This 
completes the proof of Lemma 16.21 □ 



7. Local in time results for the nonlinear problem 

In this section, we use the linear dispersive estimates established in the previous 
sections to develop a local Cauchy theory. As the solution we are looking for, will be 
the sum of the linear solution associated to our initial data and of a smoother term, 
our functional spaces are naturally the sum of two spaces: one which corresponds to 
the properties of the linear probabilistic solutions, and the other one corresponding 
to the properties of the deterministic smoother solutions. Fortunately, it turns out 
that these two spaces have a non trivial intersection which is sufficient to perform 
the analysis and hence avoid the technicalities involving sum spaces. 

7.1. Initial data spaces. — For a G M, we define the spaces H^^^^ai^) equipped 
with the norm 

\\u\\ni^^=\\{xrVH\h2. 
Recall that e~**^ defines the free evolution. We define the spaces for the initial data 

ys 

where 5 is a positive number satisfying 

(7.1) — -<s<mm(-, ), 

^ ' 2{k-2) ^2' 6 ^ 

e > 0, is a small number and r is a large number all depending on s to be fixed. 
The values of e, r in the definition of the space (and also the space defined 
in the next section) will be fixed by the analysis of the next two sections. Note that 
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since e is 27r periodic the interval [0, 2tt] in the definition of may be replaced 
by any interval of size 27r. We equip the spaces with the natural norm 

II II II II II —ifH II II —itH II 

Thanks to Proposition 14. H we obtain that ||S'Ar||ys^ys is bounded, uniformly in 
A^, provided e is small enough. The main property of the space Y^ we use, is the 
following Gaussian property. 

Lemma 7.1. — For every s satisfying J?. i[ j there exists eo > and two positive 
constants C and c such that for every N >\, every A > 1, every e G (0,eo)) every 
r > A, every N 

p(u e n-'/^^ : \\u\\ys > A) < Ce-^^^ 
(7.2) „ 

Pn{u G En ■ \\u\\y= > A) < Ce . 
(recall that the dependence on e and r ofY^ is implicit). 

Proof. — As before, we only prove the first claim. As a consequence of Lemma 
we get that for every s G (0, 1/2) and every e > 0, 



p{uen-'/^° : ||e"^*^n||^2 >A)<Ce 



r Z -Tis 



Next, using Lemmas 13.41 and 15.31 we obtain that for every s G (0, (A; — l)/6) and 
e > such that s + e < (A; — l)/6, every r > 4, 



p{ue n-^/^' : ||n||^_./.o + ||(e-^*^n) \\^,,, s^^^^ > A) < Ce^^ . 

27r 

This completes the proof of Lemma 17.11 □ 



7.2. Solution spaces and linear estimates. — We define the solution spaces 
of functions on [— T, T] x M, defined by 

where s satisfies (|7.ip . e is a small positive number and r ^ 1 is a large number, 
to be chosen in function of s. We equip with the norm 

k^X" = rUroo-ij-E/io + \\u\\ s+E ^ -\- \\u\ \ T 2 ll S 
II II^T II II^T « " ^2(fe-l)+£^^,r ^T^f^^^-s-e/i 

In the next lemma, we state the linear estimates. 
Lemma 7.2. — For every r G E and T < 2tt, 

1 1 — 7 7" f~f II ^ 1 1 1 1 II — 7't J~T II 1 1 1 1 
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Moreover, if s satisfies (i7.1\ ), there exist Eq > andro > 2 such that fore^rj G (0,eo); 
r > ro, 

(7.3) II /* e-(*--)^(F(r))dT|U^ < C\\F\\^.^^.., 







and for t £ [-T, T] 

(7.4) II r e-(*--)^(F(r))dT||y. < C||F||^^^._, 

Jo ^ 

(recall that the dependence on e and r of and is implicit). 

Proof. — The first estimate is a direct consequence of the definition. Let us prove 
()7.3p . We first observe that if s satisfies ()7.ip then thanks to the Sobolev inequahty 
and (12.711 we have 



(7-5) ll^ll^2(fe-i)+.^|±f ^ CUMl^w-'^ + \Ml^^w-v.^), 

provided the positive numbers Eq is small enough and r is large enough. Indeed, 
thanks to the Sobolev embedding, we have that 

\\u\\ olir--[)4-F 4±^ r — ^\W\\ Olh llJ-f s+e , 4fc-4+2E , 

provided 

2/c - 6 + e 1 
cr > . 

Ak- A + 2e r 

Observe that the couple (p, q) = {2{k -l) + e, '^2k-%+e ) satisfies p > 4 and | + 1 = ^• 
Therefore (|7.5p holds, if we can assure that 

2k-Q + e 1 s + e 
4^k-A + 2e~r^k-l' 

But the last condition follows from ()7.ip . provided < £,r] < Eq, if eo is small 
enough and r large enough. This proves (|7.5p . Using (|7.5p . the Strichartz estimates 
of Lemma 15.11 and the Minkowski inequality, we obtain that 



<C7||e-^F(r)||^^^._, = C7||F||^^^._,. 



We next observe that as a consequence of Lemma 16.11 for every s satisfying (j7.ip 
there exists £q such that for e G (0,eo)) 

(7.6) We-^'^'Wi^^Llw ,<C. 
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Using (|7.6p and the Minkowski inequality, we obtain that 

Jo ^ (a;)-''-'=/4 T T 

The proof of (|7.3|) is completed by the straightforward bound 

II j"^ e-^(*--)^(F(r))dT||^^^_./io < C||F||^^^_./io < C||F||^^^._, . 

Let us now prove (|7.4p . Using ()7.5p . ()7.6p and the Minkowski inequality, we obtain 
that for t £ [0,T], 

II 1^ e-(*-^)^(F(r))dT||y. < C||e-(*--)^(x(T, t)F(r))||^^^.-, < C||F||^^^.-, , 

where xi'^^i) denotes the indicator function of r G [0,t]. This completes the proof 
of Lemma 17.21 □ 



7.3. Multilinear estimates. — 

Proposition 7.3. — Assume that s satisfies (f7..?[ ) and letij > 0. There exist Eq > 
and ro > 2 such that the following holds true. For every e G (0,eo)j o.iT'd every 
r > ro satisfying 3er > 4(A; — 1), there exists k > such that for T < 2tt we have 
the estimates 

k 

(7-7) ||ni • • -Ufcll^i^^.-^ < CT'' ||nj||x|, 

and, uniformly in N, 



(7.8) \\Sn{{Snui){SnU2) ■ ■ ■ {SNUk))h ^ 

k k 

< CT'^n ll-^^^ill^T ^ ^^"H ll^ill^T ■ 

(we recall again that the dependence on e and r of is implicit). 

Proof. — Recall that by (|2.3p . Sn = x{ 2n+i )- Therefore the second inequality is 
a consequence of the first as thanks to Proposition 14.11 the map Sn is bounded on 
uniformly in N. 

Let us now prove the first inequality. Consider a classical Littlewood-Paley de- 
composition of unity with respect to H, 

(7.9) Id = ^A^, 



N 

^k 



where the summation is taken over dyadic integers N = 2 , Aq = ^o(v-ff) and for 
> 1, Aiv = ip{VH /N), where ipoji^ are suitable C(j"(]R) functions (the support 
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of 'ip does not meet zero) . Estimate (|7.7p is a consequence of the following localized 
version of it. 

Lemma 7.4- — For any 5 > 0, there exists C > such that for Ni < ■ ■ ■ < N^, 

k 

||Ajv,(ni) • • • ^N,{uk)\\L},L^ < CT-N-'^' J] H^^'H^t • 

i=i 

Let us now explain how Lemma 17.41 implies Proposition 17.31 Using the definition 
of after performing ()7.9p . we can write 



■ ■ ■ ''^k\\L\,'Hs-v ^ 

E E (1 + M)-^||Am(A^,K(i)) • • • A^,K(,)))|L^^, . 

M Ni<-<N^: creSk 

We now observe that Proposition [73] is a consequence of Lemma l7.4l (with the choice 
5 = rj/2) and the following statement, applied with a > small enough. 

Lemma 7.5. — Let a > 0. For every K > 0, there exists C > such that for 
M>Nl+'', Ni<---<Nk, 

k 

(7.10) ||Am(A^,(^.i) • ■ ■ A^,(n,)) ||^^^. < CT{1 + M)"^ \\uj\\x^ . 

i=i 

Let us observe that in [5], a similar stronger property (assuming only AI > DNk, 
D S> 1) in the context of the analysis on a compact Riemannian manifold is proved, 
the projectors A^r being replaced by the corresponding objects associated to the 
Laplace-Beltrami operator. In the context of our analysis below the argument is 
much simpler compared to [5] . 

Proof of Lemma \ 7. 5| — Since the space is embedded in L'^T-L~^^^^ (which is 
the only L^ type component of our resolution space), by duality and summing of 
geometric series the bound (j7.1U|) is a consequence of the eigenfunction bound 



(7.11) yK>0,3CK ■■ ViVj > 1, VAf > 1, Vni, m : Ni < V2n~TT < 2Ni, 

M < y/2m + 1 < 2M, I / /i„i • • • hn^hm\ < Ck{1 + M)~^ 

Jm. 

(the argument is trivial in the time variable). By writing hm = J^m+Ty^^ 
we make integrations by parts in the left hand-side of (|7.11|) . Starting from the 
definition of /i„ (|2.1|) we have the relations 



(7.12) h'^{x) = J^hn-iix) - J!i±l^„+i(x) 
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and 

xhn{x) = h'nix) + \ll{n + 1) /i„+i(x), 
which imphes the bound (for p > 2), 

(7.13) Wx^'dl^KWLvi^^) < Cfc,,fc,(l + |n|)^ . 

Using (|7.13p (apphed when extending the powers of H) we obtain that the left hand- 
side of (|7.1ip is bounded by Cj{Nk/M)'^^ which implies the needed bound thanks to 
our restriction on M. This completes the proof of Lemma 17.51 □ 

It remains to prove Lemma |7.4[ 

Proof of Lemma \7.4\ — We take the parameters e and r in the scope of applicability 
of Lemma [7. II and Lemma [7. 21 By introducing artificially the weight (x)**"'"'^/^, using 
the Holder inequality and Proposition 14. H we can write 



(7.14) ||A^,(ni)...Ajv,(^Xfc)|Lii2 < 



k-i 

s+e/4 



< C|Kx)--^/^A^,(n,)||^^^. n IK^)~%-|l4('=-)L.o • 

i=i 

We now estimate the right hand-side of ()7.14p . First, we observe that there exists 
K > such that for j = 2, ■ ■ ■ k, using the Sobolev inequality, and the boundedness 
on L'' (1 < r < oo) of zero-th order pseudo-differential operators, we can write 

(7.15) IKx)'^n,-||^^(.-,)^^ < CT'^||n,||^^(,_,,^^^^,, < CT^\\n,\\x^ , 

provided ^^^f -^^ r > 1. Next, using similar arguments as in the proof of Lemma [731 
we obtain the following statement. 

Lemma 7.6. — For any k > and any K, there exists C such that for any M 
satisfying M < N^~'^, we have 

\\Am{x)-'-'/^An{u)\\l2^l^ < C{1 + M + iV)-^||n||xj. 
As a consequence of Lemma 17.61 we obtain for arbitrarily small k > 0, 
IKx)— ^/^A^,(n,)||4i2 

< l|AM((x)-^-^/^A^,(n,))k2^.+C7V,-^||n,|U^ 



E l|AM^((x)-^-^/^A^,(n,))|L.^. + CiV-^||n,|U| 
m>nI-'^ 

< CN-^+^^\\^\{x)-^-^/''AM,inkmLlL^ + CN--^\u4x^ . 
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Using Proposition 14. H we can write 

\\VH\{x)-^-^/'/\M,{ut))\\L%L-<C\\uu\ 



_Jrr, 1j II W T '2, ni S 

+ \\WH\{x)-^-^l']^M,{uk)\\LlL-- 

In order to estimate the commutator contribution, we shall use the Weyl-Hormander 
pseudo-differential calculus associated to the metric 

(7-16) —-3 + 



1 + x2 1 + ^2 • 

The symbol classes S{^, m) associated to (|7.16p are the spaces of smooth functions 
on M? satisfying the bounds 

Then we have (see cf. [17], Section 18.5, [24j or [2]) that if oi G S{fii,mi) and a2 G 
S{fi2,rn2) with corresponding operators Op(ai) and Op(a2) then the commutator 
[Op(ai), Op(a2)] is a pseudo-differential operator with symbol in S{iJ,i + ^2 — Ij "ii + 
7712 — !)• Using this fact, we obtain that 

and by duality 

\\[VH\{xy'-'/']Aj,^{uk)\\L.^^,<C\\AN^^^^ 
Therefore, we obtain the bound 

(7.17) |Kx)-^-/4A;v,K)||^2^2 < CN-^+-^\\uk\\x^ . 

We now collect (|7.14|) . (j7.15p and (jT.lZp in order to complete the proof of Lemma lTT^ 

□ 

This completes the proof of Proposition 17.31 □ 

7.4. Further properties of with respect to the measure p. — From now 
each time we invoke the space , we mean that s satisfies (|7.ip and e and r are 
in the scope of applicability of Lemma l7. 11 Lemma 17.21 and Proposition 17.31 Let us 
next define some auxiliary spaces. Let be defined by 

y^ = {nG 7^-/20 : e-^'^iu) G Llt'^^^W^^'^ nllnl^.^.^,,}, 

equipped with the natural norm. The remaining part of this section is devoted 
to three lemmas needed in the proof of Theorem 12.41 Using the density in L^, 
1 < p < oo of the Schwartz class 5(M), as a consequence of Proposition ST] (and the 
fact that the result is straightforward if / G 5), we have the following statement. 
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Lemma 7.7. — For every f G ||(1 — 5'Ar)(/)||ys = o{1)n^cxi- A similar state- 
ment holds for y*. 

One can easily see that the analysis of Lemma 15.21 and Lemma 16.21 implies that 
(f!^, defined by (|2.6p is a Cauchy sequence in L'^{Q;Y^) and thus we may see the 
measures /i and p as finite Borel measures on Y^. We deduce, thanks to Lemma |7. II 

Lemma 7. 8. — There exist C, c > such that 

p{u : ||n||ys > A) + p{u : ||n||ys > A) < Ce^'^'^^ . 

We also have the following statement. 

Lemma 7.9. — Assume that s < s' < s + Then we have that C and the 
embedding is compact. In particular, thanks to Lemma \ 7.8\ for every 6 > there 
exists a compact K ofY'^ such that p{Y^) — p{K) < 5. 

Notice that as soon we gain some positive power in H, we gain compactness 
because powers of H controls both powers of \Dx\ and of x. As a consequence, 
the assumption s' > s ensures that we have compactness in terms of x derivatives 
and weights in (x) for the second norm, whereas it ensures compactness in terms of 
derivatives in the third norm, while the assumption s'<s + ^=^>s' + |<s + | 
ensures compactness in terms of weights in (x) in this last norm. Finally, since the 
second and the third term in the definition of are defined in terms of the free 
evolution, we may exchange some saving derivatives in H for some compactness in 
time. We omit the details. 



7.5. Local well-posedness results. — Using the results of the previous sub- 
sections, we can now get local well-posedness results (uniform with respect to the 
parameter N) for 

(7.18) {idt- H)u = koSn{\Snu\''~^Snu), u{0,x) = uoix) £ En. 
Here is a precise statement. 

Proposition 7.10. — There exist C > 0, c G (0, 1), 7 > such that for every A > 
1 if we set T = cA'"' then for every N > 1, every uq £ satisfying ||no||ys < A 
there exists a unique solution of |7. iig[ ) on the interval [— T, T] such that \\u\\x^ < 
A + A-'^. In addition for t £ [0, T], 

(7.19) \\u{t)\\Ys < A + A-^. 

Moreover, if u and v are two solutions with data uq and vq respectively, satisfying 
WuqWy" < A, ll'^^olly < A then \\u — v\\x^ < C'll^io — trolly o^n-d for t £ [0, T], 

\\u{t) - v{t)\\Ys < C\\uo - VqWys . 
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Proof. — We rewrite (|7.18p as the integral equation 

u{t) = e-**^(no) + Ko f e-'^'-^^''{SN{\SNn{Tt-'SNu{T)))dT = <!>M. 
Jo 

Using Lemma 17.21 and Proposition 17.31 we infer the bounds 

(7.20) \\^uo{u)\\x^ < ||no||y. + CT^uf^^ 
and (after some algebraic manipulations on lul^^^u — \ v\^^^v) 

(7.21) ||<I>„„(n) - ^uo{v)\\x^ < CT^u - v\\xd\\ufxf + Wuf^f). 



Therefore if we choose T as T = cA~^ with c <^ 1 and K > (/c+lO) / k, the estimates 
(|7.20p and (j7.2ip yield that the map is a contraction on the ball of radius 2A 
and centered at the origin of The fixed point of this contraction is a solution 
of ()7.18p . The uniqueness and the estimate on the difference of two solutions is a 
consequence of Proposition 17.31 Finally coming back to ()7.20p , we infer that the 
solution satisfies 

(7.22) \\u\\x^ = \\^uo{u)\\x^ <A + Cc^{l + Ay^'^A" <A + A-\ 



for c small enough and by possibly taking K slightly larger (replacing K hy K + 1/k 
for instance). Let us now prove (j7.19p . Using Lemma 17.21 ( t/ in the scope of its 
applicability), Proposition 17.31 and (j7.22p . we obtain of Lemma 17.21 



ifc 



< A + CT^\\u\\ 

< A + A~'^. 

This completes the proof of Proposition 17.101 □ 

Let us remark that the existence statement in Proposition 17.101 is not of impor- 
tance (indeed see the next section for a global existence statement). The important 
point is the uniformness with respect to N of the bounds obtained. Similarly, we 
can also obtain a well-posedness result for the original problem 

(7.23) {idt - H)u = ko\u\^-^u, ii(0, x) = uq{x) G Y' . 

Proposition 7.11. — Then there exist C > 0, c G (0, 1), 7 > such that for every 
A > 1 if we set T = cA~'^ for every uq £ satisfying ||uo||ys < A there exists a 
unique solution of \7.23 ) on [— T, T] such that ||m||x* < ^ + A~^. In addition for 
te%T], 

||u(t)||y» < A + A~^. 

Moreover, if u and v are two solutions with data uq and vq respectively, satisfying 
lliiolly ^ A, ||wo||y= < A then \\u — v\\x^ < C\\uq — vo||y*^- 



34 



NICOLAS BURQ, LAURENT THOMANN & NIKOLAY TZVETKOV 



The proof of Proposition 17.111 is essentially the same as that of Proposition 17.101 
and hence will be omitted. 



8. Global well-posedness 

In this section, we prove the global existence results for a full measure set for 
(jl.ip . Moreover this set will be reproduced by the flow which is a key element in 
the measure invariance argument of the next section. 

8.1. Hamiltonian structure of the approximate problem. — Here we consider 
again the problem 

(8.1) {idt- H)u = hoSn{\Snu\''-'^Snu), u{0,x) =UNiu{0,x)) £ En, 

with kq = ±1 if A; = 3 and kq = 1 if k > 5. 
For u £ En, write 



N N 

U = 

n=0 n=0 



{an + ibn)h 

m ^nt bn G 



Then we have the following result. 
Lemma 8.1. — Set 

N 

2 



1 ^ 



n=0 

N 



n=0 

The equation (jS.ip is a Hamiltonian ODE of the form 

(8.2) an = lr-' bn = -^, 0<n<N. 

obn dOn 

In particular J is conserved by the flow. Moreover the mass 

N 

(8.3) = ^(a2 +62) 

n=0 

is conserved under the flow of (|8.1|) . As a consequence, (|8.1|) has a well-defined 
global flow ^n- 
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Proof. — The proof of ()8.2p is straightforward. Let us next show the conser- 
vation. Multiply the equation ()8.ip with u and integrate over M. First, by an 
integration by parts, we have 



(8.4) - / uHu= [ \H^^ 
Then by ()2.4p . we deduce that 

(8.5) [ Sn{\Snu\^-^Snu)u = [ SNi\SNu\^~^SNu)SNU 

Jr Jr 

= [ {\Snu\''~^Snu)Snu(^^ 
Jr 

Hence, from (|8.4p and (|8.5p we infer that 



— \ 
dt' 



This completes the proof of Lemma l8. II □ 

Denote by ^Ar(t) : Ejsf — > the flow of the ode ()8.ip . We now state an invariance 
result which holds both in the defocusing and in the focusing cases. 

Proposition 8.2. — The measure pN defined by i2.10\) (or \2.11\) ) is invariant 
under the flow of ()8.ip . 



Proof. — The proof is based on the Liouville theorem which we recall below. 

Lemma 8.3. — Consider the ODE x{t) = F{t,x{t)), x{t) G with a local flow 
^{t). Suppose also that F is divergence free, i.e. J2^=i^j^ — (^i being the 
derivative with respect to the {j + l)'th variable of F). Then the Lebesgue measure 
o/M" is invariant under the flow ^{t). 

Observe that the ODE's in the scope of applicability of the Liouville theorem are 
not necessarily autonomous. Let us now return to the proof of Proposition 18.21 By 
Lemma [8T3l the measure dadh = 11^=0^"^" invariant under Then, as the 
Hamiltonian J is conserved, the measure d^^e"'^ 11^=0 dond6„ is also invariant by the 
flow of (j8.ip . This completes the proof in the defocusing case. A similar argument 
applies in the focusing case by invoking the conservation. This completes the 
proof of Proposition 18. 2[ □ 

Let us now decompose the space 'H^'^(M) = Ej^ © E^, and denote by ^N{t) = 
(e'*^, "l7v(t)) the flow of the equation 

(8.6) {idt-H)u = koSnHSnuI'^-^Snu), u{0,x) = {u^ ,uo^n) e Ej^ e En, 
Corollary 8.4. — The measure pN is invariant under the flow $Ar(t). 
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Indeed, it is clear for product sets A = A'^ x An, A^ C Ej^,AN C and these 
sets generate the Borelian cr-algebra. 

8.2. Global existence. — Here we show that the problem is globally well- 
posed on a set of full p measure. Our first result gives bounds (independent of N) 
on the solution of the approximate equation (j8.6p . 



Proposition 8.5. — There exists a constant C > such that for all i,N G N*, 

there exists a pN measurable set C so that for all i,N £W 

PN{EN\t%) < 2~\ 

For all f G t% andt£R 

(8.7) ||4^(i)/||y. <C(i + log(l + |t|))i 

Moreover, there exists c > such that for every t^, every i > 1 and N >1, 

(8.8) ^N{t,){%) C 

The property (|8.8p allows to simplify the construction of a set invariant by the 
limit flow, compared to a similar situation in [30^ [B]. 

Proof. — We set, for i,j integers > 1, 

B%^{D) = {ueEN : \\u\\ys <D{i+j)'2}, 

where the number D ^ 1 (independent of i,j,N) will be fixed later. Thanks to 
Proposition 17.101 there exist c > 0, 7 > only depending on s such that if we set 
T = cD~'^(i + then for every t G [— r, r], 

(8.9) ^Nit){B%^{D)) c{ueEN : ||n||y. < D{i + j)^2 + D-\i + j)-'^ 

<D{i + j + l)h}, 

provided D ^ 1, independently of i, j. Following |3j, we set 
t^{D)^ n 4.^(-fer)(^^^(Z))), 

k = -[2^/T] 

where [2-^/r] stays for the integer part of 2^ /t. Notice that thanks to (j8.9p . we obtain 
that the solution of (|8.6p with data / G I]^(Z?) satisfies 

(8.10) \\^Nmf)\\ys<D{i + j + l)"2, \t\<2^. 

Indeed, for \t\ < 2-', we can find an integer k G [— [2''/r], [2-'/r]] and ri G [— t, t] so 
that t = kr + Ti and thus u{t) = ^Ar(Ti) ($7v(^''")(/)) • Since / G Sy(L>) implies 
that iiv(fcr)(/) G B^iD), we can apply ([STO]) and arrive at (fSTO]) . 
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By Proposition 18. 2t the measure pN is invariant by the flow <I>jv. Hence 

PN[EM\t'{^{D)) < {2[2^/t] + 1)pn{Em\B%^{D)) 

< C2W\i + jr/^pM{EN\B'^{D)) . 
Now, by the large deviation bounds of Lemma l7.ll 

(8.11) pN{EN\t'}^{D)) < C2W\i + j)7/2e-cD2(i+i) < 2-^'+^\ 

provided D » 1, independently of i,j,N. 
Next, we set 

oo 

i=i 

Thanks to (|8TTD . pN{EN\t%) < 2"* . In addition, using iKW\i . we get that there 
exists C such that for every i, every A^, every / € SJy, every t G R, 

||$7v(t)(/)||y. < + 2 + log(l + 

Indeed for t G R there exists j G N such that 2^'^ < 1 + |t| < 2^ and we apply (fHTTOj) 
with this j. This proves (j8.7p . 

Let us now turn to the proof of (|8.8p . Consider / G = nj>iS^. Denote by 
Jo the integer part of 2 + ^"^ipg^^)"^^ • According to ()8.10p , as soon as j > jo , we have 
|to| < 2^-1, and for any \t\ < 2^'^ 

(8.12) $;v(t)^7v(to)/ G ^iv^'''"'(l?) C ^^+^"+''^-\l)), 
which implies that 

^Jv(to)/GSj+^''+'''-i(Z)), Vi>jo. 
On the other hand, the trivial relation (for jo — k > 0, i.e. k = 1,2, ■ ■ ■ jo — 1) 

and (|8.12p (applied with j = jq + 1) implies that for j < jo and \t\ < 2^ < 2^°~^ , 
^NmN{to)f G B^j^^'^^'^iD), VI < i < io, 

and consequently 

^Nito)f(^t'+''^'''iD), Vi>l. 
This proves (|8.8p and therefore the proof of Proposition 18.51 is completed. □ 

For integers i > 1 and > 1, we define the cylindrical sets 

S5v = {nG?^-" : UN{u)Gt%}. 

Next, for i > 1, we set 

= {ti G 7^"'^ : 3iVfc, lim TV^ = oo, 3 uat^^ G SV, lim WSn^uni^ - u\\y= = O] . 

fc— s>+oo fc— !>+oo 
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Observe that is a closed subset of Y^. Indeed, assume that there exists ^iAr^. € 
S'^^ , limfc_j.+oo \\SNkU]\f^. — u\\y'> = 0. Then for any P G N, as soon as Nk ^» P, we 
have 

As a consequence, using (|8.7|) (with t = 0), we deduce 

(8.13) \\Sp{u)\\ys < hmsup ||5p('UArJ||ys = hmsup \\Sp{un^^)\\ys 

fc— >+oo A;— >+oo 

< Csup\\SQ\\c{Lr{R))i^^'^ 
Q 

and passing to the limit P — )• +00, we deduce 

u G Y',\\u\\y^ < C'i^l'^. 

The closeness property is clear. Notice also that we have the following inclusions 

00 00 

(8.14) limsupSV=n U^5viCS\ 

^^+°° N=\N^=N 

Indeed, if u G limsup^^^o^^ S^, there exists A''^ — )• +cxd such that 

and the same proof as above shows that 

u e Y',\\u\\ys < C'i^l'^. 

Now, we clearly have 

\SnU - M||ys = o(l)n^+oo, 
and since S'„(n„(n)) = Sn{u), the sequence un^ = '^Nki^) is the one ensuring that 
n G S*. This proves ()8.14p . As a consequence of ()8.14p . we get 

(8.15) > /3(limsupSV). 
Using Fatou's lemma, we get 

(8.16) p(limsupS^) > limsup/9(S5Y) . 

In the defocusing case, consider GAr(n) = exp(— ■^j^HS'tymH^^^j^j^P and G{u) = 
exp(— |j^||n||^^|i^jgP. In the focusing case, let Gat be defined by ()2.12p and G by 
Theorem 12.31 We have that 

and 

PNi^N) = / GNiu)dlJ.N{u) = GNiu)djj.{u) = pNi^N)- 
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Therefore, thanks to ()3.16p . we get 

Jim (/,(SV)-piv(S5v)) =0. 

Therefore, using Proposition 18.51 and (|3.17p . we obtain 

hmsupyo(S5y) = Umsup/?Ar(Il^) = hmsuppAr(S^) 

/g rj\ N^OO N^OO N^oo 

= limsup {pn{Y') - 2~') = p{Y')-2-\ 

Collecting the last estimate and ()8.15p . ()8.16p . we obtain that 

(8.18) p{'S') > p{Y') - 2-\ 
Now, we set 

oo 

(8.19) s = y S\ 

Then, by ()8.18p . the set S is of full p measure. It turns out that one has global 
existence for any initial condition / G S. We now state the global existence results 
for the problem ()7.23p . 

Proposition 8.6. — For every integer i > 1 the local solution u of (|7.23p with 
initial condition f £ T,^ is globally defined and we shall denote it by u = ^{t)f. 
Moreover, there exists C > such that for every f £ T,^ and every i G M, 



\Ht)\\Ys <C{i + log{l + \t\)) 

Furthermore, if {fp)p>o £ , Np — )• +oo are so that 



lim WSnJp - fWr^ = 0, 

p— !>+00 



then 



(8.20) liin Mt)-SN,{<l>N,mfp))\\Y^ =0. 

p—^+oo 

Finally, for every t GR, ^{t){T.) = S. 

Proof. — The key point is now the following lemma. 



Lemma 8.7. — There exist Aq > 0, C > 0, A' > such that the following holds 
true. Consider a 
A > Aq such that 



true. Consider a sequence UQ^Np G and uq G . Assume that there exists 



||^io,Afp||y^ < A, ||no||y« < A, lim \\Sn„uq^n„ - uq\\y= = 0. 

Then if we set r = CA~^ then ^ Np{t){uQ^Np) o-nd <I>(t)(uo) exist for t G [0, r] and 
satisfy 

\\^Np{t){uo^Np)\\L'^Y-nX-, < A + 1, ||$(t)(uo)||L-Y-nX^ < A + 1. 
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Furthermore 



Proof. — The first part of this lemma is a direct consequence of our local well 
posedness results of Propositions 17.101 17.111 For the second part, let us write 

'^{t){uo) = n = e''^^{uo) + v, ^Np{t){uo^Np) = Up = e''^^ {uo,Np) + Vp, 
and Wp = V — SNpVp- We have 

U-Up = e~**^(uo - SNpUo,Np) + Wp 

and by assumption, 



e 



-itH 



(tto — SNpU0,Np)\\Y= = \\U0 — SNpUo,Np\\Y= = o(l)p_^+oo- 



Therefore it remains to show that ||t«p||L^ys < C||wp||Looys = o(l)p_5.+oo, for r 
chosen as in the statement of the lemma. Observe that Wp solves the problem 



(8.21) {idt - H)Wp = Ko\uf-'u - KoSf^^{\SNpUpf-'SNpUp) 

= Ko(Id - S%Ji\u\''-\) + KoS%^i\u\''-\ - \SNpUp\'-'SNpUp) 

with initial condition Wp \t=o= 0. Using Proposition 17.31 and Proposition 17.11] we 
obtain that for > 

\\\u\'^MLmo,r),w-^) < Cr^Wufx^ < Ct«(A + 1)^= 
and consequently, 

(8.22) ||(Id - 5|,^)(|^x|'=-in)||ii((o,,).^.-.) ^ as p ^ +00 . 

We estimate the second term in the r.h.s. of (|8.2ip by using a direct manipulation 
on the expression — \z2\^~^Z2 and invoking Proposition 17.31 This yields 

(8.23) \\\u\^~^U- \SNpUp\''~'^SNpUp\\Li(^(^o,T)-W-'') 

< Ct^U - SNpUpWx^iWuf^-^^ + WSNpUpfxf) 

< Ct-{A + l)'^-i(||e-*^(no - 57V,(no,7vJ)||y^ + \\wp\\x^) 

< o(l)p^+oo + Cr'^iA + l)''~^\\wp\\x^ . 
We deduce from ([822]), ([823]), ([8:211) and Lemma E2] that if < 1, 



\wk\\x^ < Cr'^iA + 1)'' ^\\wp\\x^ + o(l)p. 



>+oo • 



By taking Cr'^(A + l)'^-i < 1/2, we infer that ||typ||x^ = o(l)p_i.+oo- Next using (|7.4p 
of Lemma[721 we obtain that ||wp||Looys = o(l)p^+oo- This completes the proof of 
Lemma 18.71 □ 
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Let us now finish the proof of Proposition 18.61 By assumption, we know that 
there exist sequences A'p G N, uat^ G T,]^^ (i.e. UNpi^Np) £ ^TVfc) such that 

lim \\Smun„ - Molly = 0. 
Consequently, by Proposition 18.51 we know that 

(8.24) pjv,(t)(njv,(n^J)||^. <C7(i + log(l + |t|))i 

The strategy of proof consists in proving that as long as the solution to ()7.23p exists, 
we can pass to the limit in ()8.24p and there exists a constant C independent of i 
such that 

(8.25) \\miu)\\Ys < C'C{i + log(l + |t|))5 

which (taking into account that the norm in controls the local existence time), 
implies that the solution is global and satisfies (|8.25p for all times. 

Equivalently, let us fix T > and A > Aq (the number Aq being fixed in 
Lemma [821). We assume 



(8.26) ||^iV,(t)(niv,(M7v,))||y. < A, for \t\ < T 
and we want to show 

(8.27) ||$(i)(uo)||y. < C'A, for |t| < T. 

As a first step, let us fix t = 0. For Q £ 'N, ii Np > Q, o Sq = Sq and 
consequently, using Proposition 14.11 and the definition of S*, we obtain 

WSqMWys = lim \\SqUn^XunMy'<C'A 

p— !>+00 

and passing to the limit Q — )• +oo, we deduce 

ll-uollys = lim \\Sq{uo)\\y'= <C'A 

This implies that the sequences H^pUNp = uo^p and uq satisfy the assumptions of 
Lemma 18.71 (with A replaced by C'A). As a consequence, we know that 

Hm \\<^Np{t){IlNp{uNp)) - $(t)(uo)||L->((o,r);y») = 

for r = cA~^ . This convergence allows to pass to the limit in (|8.26p for t = t, using 
again Proposition 14.11 Indeed, fix Q, then for Np ^> 2Q, 

||5QcI>(r)(uo)||y. = lim ||5Q<i>jv,(r)n^,(njvJ||y= 

p— >oo 

and using first ()8.26p and passing to the limit Q — )• +00, we deduce 

(8.28) ||<I>(T)(no)||y. = ^lim \\SqHt){uo)\\ys < sup \\SQ\\ciY^)A. 

Now, we can apply the results in Lemma 18.71 with the same A as in the previous 
step, which implies that ()8.27p holds for t G [0, 2t], and so on and so forth. 
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Notice here that at each step the a priori bound does not get worse, because we 
only use the results in Lemma lHTTl to obtain the convergence of \\^Npit){'n.NpiuNp)) — 
^(*)^o||y'' to 0, and then obtain the estimates on the norm ||$(i)(uo)||y3 by passing 
to the limit in (j8.26p (applying first Sq, passing to the limit p — )■ +00, then to the 
limit Q —7- +00). A completely analogous argument holds for the negative times t. 

In order to prove the last statement in Proposition 18.61 we observe that, according 
to (jS.Sp there exists c > such that for any t G M, 

which is a straightforward consequence of (j8.20p and (jS.Sp . As consequence we have 
^>(t)(S) C S and thanks to the reversibility of the flow <5(t), we infer that = S. 
This completes the proof of Proposition 18.61 □ 



9. Measure invariance 

In this section, we prove the last part of Theorem 12.41 Recall that we see p as a 
finite Borel measure on Y^. Let S be the set of full p measure constructed in the 
previous section. This is the set involved in the statement of Theorem 12.41 Recall 
that thanks to Proposition 18.61 '^(O(^) = ^ thanks to the reversibility of the 
flow it suffices to prove that for every p measurable set ^ C S and every t S M, 
p{A) < p(^{t){A)). We perform several reductions which will allow us to reduce the 
matters to compact sets A and small times t. First by the regularity properties of p, 
we may assume that ^ is a closed set of . Then thanks to Lemma 17.91 it suffices 
to prove p{K) < p{^{t){K)) for K a compact set of y*. Let us fix a compact K 
of Y'^ and a time t > (the case t < is analogous). Thanks to Proposition 18.61 
there exists -R > 1 such that {^{t){K), < r < t} C Bji, where here and for future 
references Bpi denotes the open ball of Y^ centered at the origin and of radius R. 
We have the following statement comparing <I>(t) and ^N{t) for small (but uniform) 
times and compacts contained in Br. 

Lemma 9.1. — There exist c > and^ > such that the following holds true. For 
every R> 1, every compact K of Bj^ and every e > there exists Nq > 1 such that 
for every N > Nq, every uq £ K, every t G [0,cR^^], \\^{t){uo)—^n{t){uo)\\y<> < £■ 

Proof. — To prove this lemma, take two new cut off SN,i = Xi{ 2N+i ) '^ith xiX = 
X2X1 = Xi so that SnaSn = Sj^/, Sn,2Sn,i = •S'at^i. Notice first that 

(9.1) ||$(r)(no)-$w(r)(no)||y. < ||(1 - 5^,i)($(r)(uo) - ^^(r)(no)) ||y« 

+ \\Sn,i{^{t){uo) - ^n{t){uo))\\ys. 

To bound the first term, we notice that 

||(l-%i)(^^(T)(no))||y. = 11(1- 5^,1) (e'*^^.o)||y^ = - Sn,i){uo)\\y^ , 
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and 



lim ||(l-%i)($(T)(no))||y^ =0 

TV— >-=oo 



uniformly with respect to uq in a compact set of Y^. To bound the second term, we 
notice that 

\\Sn,i{'^{t){uo) - ^n{t){uo))\\y- = \\Sn,i{'^{t){uo) - Sn,2<^n{t){uo))\\v^- 

Now to estimate this term we proceed as in the proof of Lemma 18.71 the only 
additional point being the observation that Sn^2{u) converges to u inY^, uniformly 
with respect to u in a compact of y*. □ 

We next observe that we only need to prove p{K) < p{^{t){K)) for r E [0, cR''^], 
where R and 7 are fixed by Lemma l9. 11 Then we can iterate the inequality on the 
same time intervals since we know that ^{t){K) remains included in Br as far as 
r E [0,t]. Using (|2.13p . Lemma [9T] and the well-posedness result of Proposition mUl 
(notice that, though only stated for the flow ^Ar(t) on En, the result holds clearly 
for the flow = (e**'^, ^Ar(t)) on Ej^ x E^), we can write 

p{Ht){K) + B2e) = lim pNiHrKK) + B2e) 

Af-s>oo 

> Wmsw^ pn{^n{t){K) + Be) > limsup pn{'^n{t){K + B^^)), 

where a is a fixed constant depending on R but independent of e. Next, using the 
invariance of the measure p^ under the flow ^N{t) and using once again ()2.13p . we 
can write 

pi<l>iT)iK) + B2e) >limsup pNiK + Bo,,) = piK + B^,) > piK) . 

Using that ^{t){K) is closed and letting e to zero, the dominated convergence the- 
orem implies that p{^{t){K)) > p{K). This proves the measure invariance. The 
proof of Theorem 12.41 is therefore completed. 



10. Proof of Theorem [TT2] 

Suppose that v{s,y) is a solution of the problem 

(10.1) idsv + d'^v = \v\''-'^v, sEM, yG 

We define u{t,x) for |t| < |, a; E M by 

1 /tan(2t) X s " 

10.2 u(t,x) = v( —, ^)e~- 

^ ' ^ ' cosi(2t) ^ 2 'cos(2t)^ 



We then can check that u solves the problem 



^ ifc-i ^ 



;i0.3) idtu- Hu = cos— {2t)\uf~'u, |t| < -, a; E 
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One also has that the map (|10.2p sends solutions of the linear Schrodinger equation 
without harmonic potential to solutions of the linear Schrodinger equation with 
harmonic potential. We refer to [llj for a use of ()10.2p in the context of scattering 
for critical problems, i.e. quintic nonlinearities in Id. The problem (jlO.Sp has 
also the following Duhamel formulation 

(10.4) u(t) = e-^(*"*«)^('u(to))-i / e-'^''^^^{cos^{2T)\u{T)\''-\{T))dT 

J to 

with to,t £ (— f , f )• The local analysis of (|10.3p will be applied to (|10.4p which fits 
well in the framework of Propositions 17.101 17.111 By the transformation (|10.2p we 
may link the solutions of (|10.ip on RxM to the solutions of (|10.3p on (-7r/4, 7r/4) xM. 
The results of Theorem 11.21 will therefore be a consequence of the following local in 
time (but large data) result concerning (|10.3p . together with the observation that 
thanks to (|10.2p the and convergence in the context of (jlO.Sp implies the 
and T-L^ convergence for the original problem (jlO.ip . 

Proposition 10.1. — The equation \1U.°J\) has fx almost surely a unique solution 
in C{[—j, j]',Y^). Moreover we can write the solution as 

n(i) = e-*^(/±)+^±(t), 
with G Y'^ and where w'^ are such that 

lim \\w^(t)\\-ijs =0. 



Proof of Proposition \10.1\ — The proof of this proposition is very similar in spirit 
to the proof of Theorem 12.41 The local analysis is essentially the same. There is 
however a nontrivial modification in the globalization arguments because of the lack 
of energy conservation of (jlO.Sp . We consider the ODE 

(10.5) idtu- Hu = cos'^{2t)SN{\SNu\^'^SNu), u{<S)(^En. 

One may multiply (jlO.Sp by u and integrate over M to obtain that the norm is 
conserved by the flow and combining this fact with the local existence theory of 
ODE's, we obtain that the ODE (jlO.Sp with phase space Ejsj has a unique global 
in time solution. For two real numbers ti, t2 let us denote by <l>Ar(ti,t2) the flow of 
(jlO.Sp from ti to ^2- We have the following monotonicity property for the solutions 

of (unsD. 



Lemma 10.2. — Set 



fc-5 



£N{tMt)) = \\\^u{t)\\l,^^^ + ''''Wf\ \SNu{t)t^,l^ 
Then the solution of (jlO.Sp satisfies 

fiv(t,n(t)) <^jv(0,u(0)), \t\<^. 
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Proof. — A direct computation shows that along the flow of pO.Sp one has 



fe-5 



d , , , (fc — 5) sin(2t) cos 2 (2t),,^ / Mit-n 

-{E^{t,u(t))) = —tri —\\^^<^)\\i)^lHm ■ 

Therefore the function £fyf{t,u{t)) increases on the interval [— 7r/4, 0] and decreases 
on the interval [0, 7r/4], and attain its maximum at 0. This completes the proof of 
Lemma [1021 □ 

We shall prove that (|10.3p is well-posed on [— 7r/4, 7r/4] p-almost surely which in 
turn will imply the claimed well-posedness fi a.s. The result of Lemma 110.21 implies 
the following key measure monotonicity property. 

Lemma 10.3. — For every Borel set A of and every \t\ < j, 

flN{^N{t,0){A)) >pn{A). 

Proof. — By definition 

fiNi^Nit, 0)iA)) =dN i e"^"^""'^wdn, 



/$jv(t,0)(A) 

where du is the Lebesgue measure on En induced by €^(^+1) by the map (l23]) . 
Let us perform the variable change u 1— )• <I>jv(t, 0)(n). We can apply the result of 
Lemma [531 to obtain that the Jacobian of this variable change is one (the divergence 
free assumption can be readily checked by expressing $jv(t,0)(u) in terms of its 
decomposition with respect to ho, ■ ■ ■ hj^). Thus we get 



k~5 

J A 

Using Lemma llO. 21 we hence obtain 



This completes the proof of Lemma I1U.3[ □ 

For / in interval, we can define the spaces Xj similarly to the spaces by 
replacing [— T, T] by /. We have the following well-posedness result concerning 

Proposition 10.4- — There exist C > 0, c G (0, 1), 7 > 0, k > such that for 
every A > 1 if we set T = cA~'^ then for every N > 1, every to S [—j, j], every 
uq E En satisfying ||no||y < A there exists a unique solution of \10.5\) with data 
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u(to) = ^0 on the interval I = [to — T,to+T] such that \\u\\xf < ^. In addition 

for t £ I, 

(10.6) ||n(t)||y. < ^ + 

Moreover, if u and v are two solutions with data uq and vq respectively, satisfying 
WuqWy" ^ A, lko||y= ^ ^ then \\u — v\\xf < C'll'Uo — 'Wolly c-iT'd for t G I, 

\\u{t) - v{t)\\Ys < C\\uo - VqWyo ■ 

Finally, if J <Z I is an interval, then for r] > 0, 

(10.7) II J e-*(*-")^(cos^(2r)|n(r)|'=-in(r))dT||^.-, < CIJ^A 

Proof. — The proof of this statement is completely analogous to that of Proposi- 
tion I7.10[ one needs to observe that in Lemma 17.21 and Proposition 17.31 one may 
replace [— T, T] by an arbitrary interval, T by the size of this interval and one may 
add the factor cos~2~(2r) with the same conclusion. The only additional point is 
the estimate (|10.7p . To prove estimates (|10.7p . we use that 

II |^e-(*--)^(cos"2^(2r)F(r))dr||^.-. <C||F||ii^_, 

and apply the estimates of Proposition 17.31 □ 

The rest of the proof of Proposition 110.11 is very similar to the existence part of 
Theorem 12.41 We start by the counterpart of Proposition 18.51 

Proposition 10.5. — There exists a constant C > such that for all i,N G W , 
there exists a pN measurable set C Ej\f so that for all i,N £ N* 

For allf£t% and t G [-f,f] 

\\^Nit,0)f\\Y^ <Ci^. 

Proof. — We set, for i an integer > 1, B^j^{D) = {-u G E^- ■ WuWy < Di^^, 
where the number D ^ 1 (independent of i,N) will be fixed later. Thanks to 
Proposition 110.41 there exist c > 0, 7 > only depending on s such that if we set 
T = cD~'^i~"'^'^ then for every ti,t2, such that \ti — t2\ < t, 

(10.8) ^Niti,t2){&NiD)) c{u£En : ||n||ys < D{i + 1)5}, 
provided D ^ 1, independently of i. Set 

[7r/4r] 

±%{D)^ fl ^N{kT,Or\B%{D)). 

k= — [n/4T] 
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Notice that thanks to (jlO.Sp . we obtain that the solution of ()10.3p with data / G 
T,'^^{D) satisfies 

(10.9) \\^Nit,0){f)\\y.<D{i + l)K \t\<J. 

Indeed, for \t\ < j, we can find an integer k £ [—[tt/4:t], [it/At]] and ti € [— t, t] so 
that t = kr + Ti and thus 

Since / G Sjy(D) imphes that ^Ar(fcr, 0)(/) G Bj^iD), we can apply (jlO.Sp and 
arrive at ()10.9p . It remains to evaluate the pN complementary measure of the set 
Using Lemma 110.31 we can write 

PN{EN\t%{D)) < {2[7T/4T] + l)pN{^N{kr,0)-\EN\B%{D))) 

By the large deviation bounds of Lemma |7. 11 we get 

PN{EN\tUD)) < CZ)^zT/2e-^^'^ < 2-\ 

provided D ^ 1, independently of i, N. This completes the proof of Proposition ll0.5l 

□ 

Since we are only concerned with a well-posedness statement, we need to prove less 
compared with Theorem 12.41 (we do not need to prove that the statistical ensemble 
is a set reproduced by the flow). For integers i > 1 and > 1, we define the 
cylindrical sets 

= {u£Y' : UNiu) e t%}. 

For z > 1, we set 

J:' = {u£Y' : 3Nk G N, iVfc ^ +oo,3un, G S'jv, , Sjv, (^^tvJ ^ n in Y'}. 
As in the proof of Theorem 12. 4^ we obtain the bound 

(10.10) p{J:') > p{Y') - 2-\ 
Next, we set 

oo 

(10.11) T. = [jj:\ 

i=l 

and by (jlO.lOp . the set T, is of full p measure. We now state a proposition yielding 
the existence part of Proposition 110.11 

Proposition 10.6. — For every integer i > 1, every f £ Ti^ , the problem (jlO.Sp 
with initial condition f has a unique solution in C{[—j, j]',Y^). 
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The proof of Proposition 110.6] is very similar (simpler) to that of Proposition 18. 6| 
by invoking the counterpart of the approximation statement of Lemma 18.71 This 
implies the existence part of Proposition llO.il Namely we proved the well-posedness 
for data in S (defined by (jlO.lip ) and since S is of full p measure it is of full p, measure 
too. 

To prove the last statement of Proposition 110. H we write the obtained solution 

as 

u{t) = e-''"{u{<S)-2i r^%^"^(cos^(2r)|u(r)|^~^n(r))dr) 







+ 2i ^"^%-*(*-")^(cosV(2r)|n(r)|^-^n(r))dr 



and we apply estimate (jl0.7p . A similar argument applies near — 7r/4. This completes 
the proof of Proposition 110.11 □ 



A 

Typical properties on the support of the measure 

In this section, we give some additional properties of the stochastic series 

ip{u,x) = ^ ^gn{u))hn{x), 

which have their own interest. 

A.l. Mean and pointwise properties. — 

Proposition A.l (L^ regularisation). — Let 2 < p < +oo and denote by 

' ' ' if 2<p<4, 



2 p 

+ if 4<p<oo. 



e{p) = 

Then for all s < 9{p), there exist C, c > so that 

^{ujCiVL : ||(^(a;,-)||w=,P(iR) > A) < Ce-^^\ 
In particular ||(/7(w, •)llyv»'P(R) < +co, p a.s. 

Proof. — The proof is essentially the same as the proof of Lemma 13. 3t using the 
precise bounds on the Hermite functions /i„ (see [32j or [271 Theorem 2.1]). □ 

Corollary A. 2 (Decay). — Let a < |. Then there exist C,c > so that for all 
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In particular, for almost all w G il, 

ip{uj,x) — > when x — > ±00. 

Proof. — Let a < g . Then choose s > so that s + a < ^ and p > 4 so that s > ^ • 
Then by Sobolev, there exists C > so that for all lo €z Q 

||(x)°(/?(w,-)||l-(ir) < C||(x)°99(a;,-)||w-.p(R)- 
Now by ^ Lemma 2.4], 

||(x)"(^(a;, Ollw.pCR) < C'll¥'(w,-)llw-+".p(R), 

thus 

{uj£n : (x)"|v?(w,x)| > A} C {w e : OHw^+^.^CR) > 

and we can conclude with the Proposition I A. H as s + a < 0{p). □ 

Proposition A. 3 (Holderian regularity). — Let a < |. There exist C, c > 
so that for all x, y G M 

p(a; e : \'^{u],x) - ip{uj,y)\ > \\x - y\'^) <Ce~''^\ 

In particular, for almost all w G il, the function x 1 — > x) is a-Holderian on M. 

Proof. — By Lemma 13.21 for all x, y G M we have 

\hn{x)-hn{y)\<CXn~'. 

By Lemma 13.21 again, we also have the bound (see ()7.12p ) 

5 

|/i„(x) - hn{y)\ < ||/i„||wi.°=(R)k -y\ < CX^\x - y\, 
and we can deduce by interpolation that for all < a < 1, 

\hn{x)-hn{y)\<CXn~''\x-yr. 

Now, by Lemma |3. 11 for all r > 2 

00 ^ i 
\\ip{uj,x) - ip{uj,y)\\Lr^i^^ < Cy/¥{^—\hn{x) - hniy)\'^)^ 

n=0 " 

00 

< CV-r\x-ynY^-^f^ 

n=0 An 

< CV^\x-yr, 

for all < a < |. We conclude with the Tchebychev inequality. □ 

The Proposition lA.ll shows that the random variables (g(„(a;))^^Q yield no gain of 
derivatives in "H* spaces, however we can prove a local gain of regularity. 
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Proposition A.4 (Local smoothing). — Let u > and define ^'(x) = (x) 2 . 
Then for all s < ^, there exist C,c > so that 

p{L0Gn : \\^ip{uj,-)\\w(R)> X) <Ce~''^\ 
In particular ||^ 93(0;, < +00, p a.s. 

Proof. — By [281 Corollary 1.2] the following bound holds 

_ i_ 

11^ KWl^iR) < An ^ . 

Then we can perform the same argument as in the proof of Lemma 13.31 □ 

A. 2. Spatial decorrelation. — Define the function E for {x,y,a) G Mx M x [0, 1[ 

by 

(A.l) E{x,y,a) = ^a'^hn{x)hn{y). 

n>0 

Then we have an explicit formula for E. 
Lemma A.S. — For all (x, y, a) G M x M x [0, 1[ 

A.2 E{x,y,a) = ^====exp[- — ). 

Remark A. 6. — Notice that by taking a = e^** , one can see that Lemma IA.5I is 
equivalent to Mehler formula ()4.ip . which in turn implies that the function defined 
by ()10.2p satisfies ()10.3p . Actually, one could probably extend Lemma IA.5I to more 
general potential (with quadratic growth) by precisely writing down a parametrix 
for eit{-dl+V{x))^ fQj. ^j^g Yi^^^ ]<iexiie\ e-*(-9'+^(^)). 

Proof. — First we recall that the Fourier transform of the Gaussian reads 



.2^2 1 f ix^--^ 



(A.3) e-'^ - = / e"«-3^de, 

thus, for all n > 1, 
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With dM]) and (IXil) . we deduce that 



4vr3/2 



n>0 



1 I ,,2 



f ^ J_ ( _ ^^)"e*(''«+J''')~^'/^~'''/^d^ d?7 



To compute the last integral, we make the change of variables = 

rj) and use ()A.3p . This completes the proof. □ 

Proposition A. 7 (Spatial decorr elation). — There exists C > so that for all 
(A.5) \E[(p{x,u;)ip{y,u)] \ < Ce 



Proof. — Consider the function F defined by 

F(x,y,a) = 2^—^hn{x) h„{y) = 2^ h„{x) hn{y), 

n>0 n>0 

for (x, y, a) G M X M X [0, 1]. Thanks to the bound ([3^ we have 
,a2"+i , _ , ^1 , ^ 1 



I ^2 ^n(^) ^n(y)| ^ C'-^||/l„||^oo(]j) < C 1 , 

'^n \^/ (n) "^6 

hence F G C(M x M x [0, 1]; M) . Therefore, 

2 

(A.6) F(x,y,a) — > ^ hn{x) hn{y) = E[(^(x,tj) 99(y,cj) ] , 

n>0 

when a — > 1. 

Now observe that F is smooth in q G [0, 1[. Thus (as -F(x,y,0) = 0) 
(A.7) F{x, y, a) = T a,F(x, y, /3) d/3. 

JO 

By (|A.2p we have 

5„F(x,2/,/3) = 2Y,P^^hn{x)hn{y) 

n>0 

2 . (x + 7/)2 I + /32 (x-y)2. 



: exp 



vMl^M ^ 1 + 4 1-/32 
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Hence there exists C > so that for ah x, y G M and /3 G [0, 1[ 

I I C (x-i/)^ 

\daF{x,y,P)\<-j===e * , 

and this, together with (|A.6p and ()A.7p yields the estimate (jA.Sp . □ 

A. 3. Bilinear estimates. — In this section we give a proof of (|1.2|) . Observe 
that p.2|) . apphed with t = implies that (/?^(a;,x) is a.s. in T-L^ for every 9 < 1/2 
which is a remarkable smoothing property satisfied by the random series ip{u},x). 
The key point in the proof of (|1.2p is the following bilinear estimate for Hermite 
functions. 

Lemma A.S. — There exists C > so that for all < 9 < 1 and n, m G N 

_ 1 I 9 , , , 1 

(A.S) ||/i„/im||^e(iR) < C* max (n,m) * 2 ( log ( min (n, m) + Ij) ^ . 



Proof. — We give an argument we learned from Patrick Gerard. It suffices to prove 
(jA.Sp for 9 = and 9 = 1 (the general case then follows by interpolation). The case 
9 = 1 can be directly reduced to the case 6 = thanks to ()7.12p . Let us now give 
the proof of (jA.Sp in the case 9 = 0. Consider again the function E defined by (jA.ip 
which can also be expressed by ()A.2p . Let < a, /3 < 1 and G R. By ()A.2p we 
have 

E{x,x,a) = —^{1 - a ) 2e i+<^-^ . 



Therefore, if we set 

I{a,j3)= / E{x,x,a)E{x,x, f3)dx, 
Jr 

then we get 

(A.9) /(a,/?) = -(l-a2)-5(l-/32)-| f e-(T+f + w)^'dx 



'2tt 

On the other hand, coming back to the definition 



^ (1 - a)-5(l - /3)-^(l - a/3)-5. 



/(«,/?)= hl{x)hl,{x)dx. 



n,m,>0 

Hence to get a useful expression for the L? norm of the product of two Hermite 
functions, it suffices to expand ()A.9p in entire series in a and (3. Write 

(1-x)-^ =^CpX^ Co = l, Cp= 22p-?^/^J^x, . P>1- 
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Therefore, by the Stirhng formula, there exists C > so that |cp| < ^ for all 



p >0. Now by ()A.9p and the previous estimate 
/ hl{x) hl,{x)dx = ^= V CpCgCr 



c_ 

VpTT 



p,q,r>0 
p+r=n, q+r=m 

<C ^ (n — r + (m — r + 1)"^ (r + 

0<r<min{n,r7i) 

Without restricting the generality we may suppose that m > n. If m < 2n then we 
obtain the needed bound by considering separately the cases when the sum runs over 
r < m/2 and r > m/2. If m > 2n, then we can write (m — r + < c(l + m)~2 
and the needed bound follows directly. Therefore we get (jA.Sp in the case = 0. 
This completes the proof of Lemma IA.8I □ 

Denote by u{uj,t,x) the free Schrodinger solution with initial condition ip{Ljj,x), i.e. 
uiuj, t, x) = e-'*-^(^(x, uj) = Y^ e-it>^i g^{uj) hn{x). 

n>0 ^" 

Write the decomposition n = uq + uat, where the summation is taken over the 
dyadic integers and for a dyadic integer 



UN{uJ,t,x)= an{t)Kix)gn{uj), «n(t) = \/ 1 ^ . 



Af<n<2Af 

Let us fix t G M and < 9 < It suffices to show that the expression 

J{t,X,Uj) = \YYH'/^{uNUM)\ 

M N 

belongs to L^(M x Q) (here the summation is again taken over the dyadic values of 
M,N). Using the Cauchy-Schwarz inequality, a symmetry argument and summing 
geometric series, for all e > we can write 



(A.IO) J{t,x,uj) < C( ^ M^\H^/^{unum) 



N<M 



Coming back to the definition we can write 



N<n<2N 
M<m<2M 
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We now estimate \\H^/'^(yUN um)\\l'^(q)- We make the expansion 



^ ^ Ctfii Oln2 (^mi Otm2 9n\ 9n2 9mi 9m2 ^ ^ {j^n\ ^mi) H^/"^ {hn2 ^012) • 

Af<ni,n2<2Af 
M<mi,m.2<2Af 

The random variables g„ are centered and independent, and consequently, we have 
E[ 

9n\ 9n2 9mi 9m2 1 — Oi unless the indexes are pairwise equal (i.e. {ni — n2 and 
mi = m2), or (ni = m2 and 712 = mi). This implies that 



(A.ll) f \H'/^{unum)\^ <C Yl l«n|>„^|'|^'/'(/^n/^ 



|2 



N<n<2N 
M<m<2M 



We integrate (jA.lip in x and by (jA.Sp we deduce that for all e > 



Ar<n<2Ar 
Af<m<2M 



< C Yl (max(M,7V))-5+«+^|a„|2|Qmp. 



N<n<2N 
M<m<2M 



Therefore using that | On | ^ (n) 2 , we get 



/ (J(t,x,a;))2 < CY E 

M<m<2M 

< CY Yl M-^+'+^'{MN)-^ < 00, 



Ar<A/ N<n<2N 
M<m<2M 



provided e is small enough, namely £ such that — ^ + + 2e < 0. This completes 
the proof of (fOj) . 
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